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iR KSR ARk ABSTRACT

Homotopy Analysis Method for Several Problems in

Mechanics and Finance

ABSTRACT

There exist many nonlinear equations in mechanics and finance. Obtaining the

analytic approximation solutions of these equations are of great meaning. In this pa-

per, we apply the homotopy analysis method (HAM) for following four kinds of prob-

lems:

the limiting Stokes wave with arbitrary water depth, the large deflection of a

circular plate under arbitrary uniform pressure, the post-buckling problems and the

backward/forward-backward stochastic differential equations. Main results are shown

as following:

(1)

2)

In this paper, accurate series solutions of the limiting Stokes wave with arbitrary
water depth are successfully obtained by means of the HAM. To the best of au-
thor’s knowledge, it is the first time to give accurate wave profile in extreme shal-
low water without using any extrapolation techniques. Therefore, in the frame
of the HAM, the Stokes waves can be used as a unified theory for all kinds of
waves, including periodic waves in deep and intermediate depth, cnoidal waves
in shallow water and solitary waves in extremely shallow water. This enriches

people’s understanding of the steady periodic waves.

In this paper, we employ the HAM to solve the nonlinear equations governed by
a large deformed circular thin plate under uniform pressure to arbitrary magni-
tude. Accurate series solutions are successfully obtained. Besides, we success-
fully prove that the three classic methods—the perturbation method with arbitrary
perturbation quantity, the modified iteration method and the interpolation itera-
tive method—are all the special cases of the HAM. Furthermore, in the frame of

the HAM, we systematically discuss the importance of the convergence-control
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parameter c, the effectiveness of using iteration technique and expanding the

uniform pressure () into the series of the central deflection.

(3) The HAM is employed to solve a non-linear differential equation governed by a
large deformed elastic beam with non-convex total potential energy. Our results
agree well with the numerical solutions. More importantly, our strategy is easy to
implement, which demonstrates HAM’s validity for computational non-convex

mechanics.

(4) In this paper, the HAM is employed to solve some backward stochastic differen-
tial equations (BSDESs) and forward-backward stochastic differential equations
(FBSDESs), including one with high dimensionality (up to 12 dimensions). By
means of the HAM, convergent series solutions can be quickly obtained with high
accuracy for a FBSDE in a 6-dimensional case, within less than 1/3000 CPU time
used by a currently reported numerical method for the same case. Especially, as
dimensionality enlarges, the increase of computational complexity for the HAM
is not as dramatic as this numerical method. All of these demonstrate the validity
and high efficiency of the HAM for the backward/forward-backward stochastic

differential equations in science, engineering, and finance.

KEY WORDS: homotopy analysis method (HAM), limiting Stokes
wave, circular thin plate, post-buckling beam, backward/forward-backward
stochastic differential equations
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Hi A 32 A %A
19n+1(0) = @Dn(o) =0, (1-29)
A dan(y) o dia(y)
=52y |y O T | OO
FrRR 451 )
W(0)=a= —/ %19”+1(8>d€ (1-31)
0
F U L ,
#h(y) = 537 A+ Dy = o) (1-32)

BIME IR A A SO FE b T BRI, SRR SO (58] &8, &1k
A (571 “BRAIREE” [55] RIS — 3. il B E AL
& T/ N o

ARSI EAE 50 M7 5 36 SR AR T AR TR A SN AT R B R R[5 ik
W TE L, FFDEN, BEEAE G AL (57] SLbr B4 N RG24
TSR B co = —1 BB BUAN, FEFMS AT T IEIED T, ATk
B, MTARRREA SN AT, Sahaf)) OB IAAEER) ORI RE
25 HPR S S5 R o IR Mt 2 s tH IS I 220 o £ RME AT T IR HE S /Y
M.

1.22 #aEX

P SNEEAE T B R BRBE RSO R AT — R B T REE S, 3%
WA

e+ [ SKw.ASEpEE+ [ KnaQe = o (-3

1
ﬂw—l/‘lm%dﬁ@ME= 0, (1-34)
0

2 | &2
X H
A—1 <
K(y) = (A=Dye+y, y<e, (1-35)
A=1Dye+e¢, y>e¢,

G(y,é‘) _ { (:u - 1)y€ + Y, y S g, (1—36)

(u—1ye+e, y>e,

7



R RV AT R IR T Ao i LA R AL R

HAF v wy)s Nov Ex vs Res hs py A p FTW (y) BENE 1.2.17H—
o

1£ 1958 4F, Keller il Reiss [59] #&HH 7 — PN a0y 3, @it Jd 1y Hr
F A A EAC A T 0, Keller F1 Reiss [59] il INERTS T Q = 7000 HIULSLEL i -
AR R R

( 1 [t
i) = 5 [ G

WH@%ZG—QWAM—QLfK@ﬁxﬁe (1-37)

0 [ L0

WG AR
Q0

h(y) = =5 [+ Dy -y, (1-38)

X 0 NN IEIEACE o £F 1988 4F, FRBEERAIE AT [51, 601 BKEHIER] T N4
ERIE RS, BI: X T 25 @ RS RIS AT, BT S Y P ik
R, WIRIER S RELE ISR REUR . B L TR & B — “f
T H 1910 F-LUK El bR J122 AR REAR U ) — A B (A7

AT [FHS 3BT T AU R Ag T AR R KA Sh gl VE N R KB
AR 2 B, ERRIIIERT A Ao RG24 5 8 B — e
TR RIFEAE B T 0 TR 28 8 WA AT, [FIAE 500 7 R REZE U S
REF (B DAEFLELET, W RSP EREHANZSE) . 1ok, AR
5 BLRARG 5 T 3 0 RIS 5317 07 3 A SR AR AR T = RS 4 A 7 2 —
Mo MTTASKERRRE, AT 206 TAE TR AT AT, SRR U FE
OB T AL RELS S o T ELAE ARSI LT, RS A 5 32 ML 8
BT NGRS, IXFE AU T RS AT T 2 A RO A R

1.3 JFEHRRE
Gao [61-63] W& H 2 i J IR AR | Hoeh— AN Al T A
EIw'"(z) — aF [w’(:v)}2 w”(z) + EMw"(z) — f(x) =0, (1-39)

_8—



EHRBREAEFREL B wi

XH,

E ’ (1-40)

a = 3h(1—1?), flx) = (1 —v?)q(a),
w(z)s v~ Ex hy Ly p Fq(z) 20 IR AEALEAR o AR A28, JAAALL, #
b, PR PR, 1E o = L ACRYHhIA SNE 75052 1 5] 49 A5 3,
fifo FEAERIANIE 127K e Gao fE3C [63] HHIHAATEH : J5 i M G245 (1-39) %

{127113’ )\:(1+V)(1—V2)p

¥

[ g(x)
T =] X P
_L —
L

A 1-2 J5 A BAA
Fig. 1-2 Beam model

FEZ i, T HAX EEAE XS 1) o X AR [ 0 A e f () MO BBURS, DRI — 1Y
KB T IARER H i A A o
AR, ARSI & LA MR A p
(a) [ S/ ] B SR
w(0) =w(L) = w'(0) =w"(L) = 0; (1-41)
(b) WA ] B SO -
w(0) = w(L) = w"(0) = w"(L) = 0. (1-42)
BT TAERE S, ASCAETAARR 3 A — KA, 5%
SRS T 2R, AR SOR RS AL PR 5 5% 40 19 ) T il A B A
ST UTAUE . T TRIE AT, HE— 25U T RS 54T )5 B T 2 R R R
R
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1.4 EEEY/EFREBEIMSTIE

& ) B BEML 9 77 #2 (backward stochastic differential equations, BSDE) 1E
SRy Bl TRESUS 27, LA R R I S, BEALE SR 2
HBENS . BlIRREEYRS TR — R A

{dyt Fltye z)dt — 2 dW,, 0<t<T, )

Yyr = 57
KH: Wy = (WL - W g2 E LAESE MRS A] (Q, F, P {Fi}o<i<r) L
(1) d 4EA A 1, T > 0 RonHiE &g 0] < MR B 5. fEam
Sy Tz, 0 BIER ¢ B 20 B ASMAS AN XU 85 o
1F 8 1) B RS AL 9 77 #2 (forward backward stochastic differential equations,
FBSDE) I 25 EW MG 4B IE R FENL 9 T (SDE) FHZ5 X Zvm 25 A B 45
[ BERL TR . £E 1990 4F, Pardoux FIEZSL K [64] HEH] T ARt
TUREAI 3 T7 FEAR B AFAENE RN E— 1, B8 T 1R [ B R AT 53 07 R Y B
fihe £ 1991 4F, LK (65, 66] YE—UE T, FERUERRESA T, IEE M)A
BEMLG 5 T R AT AEE RO —Fh et B T i . MIBLA , 8 ) AU/ 1E
) 1 B ML T R T IR 2 B AR BB 2 1 [67-73]. 1E 584 MIMER 25 7]
(Q, F, PA{F Yocier) B, A RBRIEEHG T RE 1) — I =N
dmt = b(t7$t7ytazt)dt + O-(taxbytazt)dm/tv
_dyt = f(ta Tty Yt Zt)dt - thWt7 0 S t S T7 (1_44)
Ty = € yr =&,
Hrr, W, 2= r AR, e € Fo; €€ Fr; b:Qx[0,T] x R x R™ x
R™" — RY; 0 :Qx[0,7T] x RT x R™ x R™" — R>"; f:Qx[0,T] x R? x
R™ x R™" — R™; z, € RY; y, € R™ Ml 2, € R™ WEERAw. KHET L
Feynman-Kac A3 [66, 711, JiFE (1-44) HIfE (v, z) TR R R
vy =ul(t,zy), 2z = (Vyuo)(t, ), (1-45)

XL w(t, @) AU TR A 22 S

%J“ d b'%JFlZd:[ i O + f(t \Y, —0 1-46
or T2y, Yo 207 gy, I Veue) =0, (1746)

4,j=1
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FEIRM D T2 A
u(T,x) = ¢. (1-47)
£ 2007 4, Cheridito FHIHAh—LE2235 [74] L8 1EF] (7] 8 FEAIL 50 J7 F B 4
fith B, ESERRH T B IE A R B BE AL T BRI [74-76]. 1ESE A RIMER
28] (Q, F, P, { FiYocier) B, GBI B E] R RS  T7 BB — RN

(

dﬂft = b(t, @t)dt + O'(t, @t)th;
—dyt = f(t7 @t)dt — thWt,
dZt = Atdt + Ftth, 0 S t S T,

(1-48)

\ Ty = €, Yr = 57

XE O, = (24, yp, 2, A, Ty) € R™ x R x R? x S ARFRA & (Q, F, P) /&
—MNEEER S E], W, &—A d WA i, ST AR d x d SEAEREEE;
b:OX[0, TIxR"xRxRIxS? — R™; 0 : QOx [0, T]x R xRxRIx S — R™*4;
FOx[0,T] xR x R x R x 8 — Ro fERLCBUERTIR T [74, 751, R4l
(1-43) El/]ﬁ@ Ye» 2t A, Ty ﬁ/@f?\

Yy = u(t, xy), 2z = (Vyuo) (t,xy),
. (1-49)
nzwumwm@%%Af{amwQ@m,
XE, LA RS T
Z¢:%?+V@@@Mm@+%ﬂdn@fmwvﬁ% (1-50)

V2¢ A Hessian HilE [77], B Vb = (05,0, ,0y,,0)o

MRT A RER) EHENERE T2 8UETT 3R SRR L ] 10 B 1 5 m)
T — iy I [ R BEN L2 T RE [78-89], fn: VUL [90], FHHLAT [AJE¥E [91],
IS B R YE [92] , ZelEanEYE (93] %o £E 2006 47, B LIRS [94] X
8] [ B BEATLR o0 U AR HR H — 0 AU BB T, JFIEIE] . 25 0 £ L I,
ARG EA RS, 2 0 = 3 I, g EA S . SRR AR
FHTA, B TR 2 BB U RE SRR I 3 ) R BENL R 7 FE, 3804
(B3 AT AR e 16 48 [m) Ly — o 1 80 Al B B ML o T R, AR B BUE Ty ik
AT LICRAR S 4R (KT =48) EAIRTRIBENRD TR (86, 95, 961! R AEUE T
PARMEEGEFTIE ) “YEBUIME”
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AR RS M 73, SR T =R [R] S 8 A 480 [ B BB ALARL 0 7
RN = AR ST A9 I8 A R B AL 7 R (B — A 12 4ER9 S o T
FE 6 HETE UL, A BORPAT RIS BRI, [FME AT 7 35 BT B H A E
JT5 R 3000 A fF e IX LSBT R 70 Mt 75 35 SR AR 1R 2/ 148 12 PU AL
W TR ERIE S, 1Hh, X 6 MNEIH, MEEMEN THRNLEE T
Llu] =2 FFEGE] PSSR, XIERED TR (1-46) , IR
ot N E S
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£8 NARRIMAEKRBESKRPIRR
Bt e Bk

2.1 RPRETFESE iR BB fE ik

ARG & A TORE S TChERI AN Al A B R IR E 9, e
HEIoN), HZBGRE 5K IR 2 < sh 5 AR I3, 7K A 7P R
FERPEAAR AT, EIWMAT LR PE ¢ BBl 1LS75 AR R DI
—EAD), W HERIEE AR S AR R T RS

wE2-1 (a) Fin, A H M g 2 BIFRRFRK WmfE I mEE. 8
[ EAE KR B d 4k, F4A B K E AL AR R R O = 0, KFRET
PREL O = —c do WA E BRI RAS RIS, A

v+ 29y = K, v =0, (2-1)

o
=
et
K

HE v = v, —iv,, v 3R v AIBEEE, K AARRIHAL

— i [ -5 ng
¢+ (¢ =2 | (2-2)
=] ¢

XH ¢ = Re; R, ro M o5 aGEKER, NWEENEMA; a, a, -, aj,
co NFER G BB WIMESEE ‘27 EAYIRIRIE BN X “ABODEA” A bt
& ¢ Vi _ERESE X “ABODEA”, WE2-1f7R; AFIRE O = —c d Fl
HiKE O =008 ERAR=ro=c?MR=11L B, ro=0FH
ro — 1 43 R R TE BRACGEFIN /KR T S w AT ER N

Tty = z(z,y) = 2(¢) =i

w=®+iV=icln(=cl+iclnR, (2-3)
X O RIRTHLE
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KR B M 7 ik Kig T h FFa ek d M LiETGE KPR e

y
1
0 A
___________________ T
H
\\¢_/ x
B
d gl
D — E
(a) z ~FTH
R
7]
5 A
B
D 0
1
(b) ¢ i
B 2-1 1% A w4t

Fig. 2—1 Conformal transformation

RiEAX 2-2), A

—r=0+ Z (Rﬂ + ﬁ) sin(j6),
y = InR + Z ( 2j> cos(70).

14—
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LEHERBREFMEFZR G =F A R T ik KRR & KR P 8 AR R 6 ST IR

IEIES
A= $‘R=1,9 0 B x’R:l,G:Qﬂ =2, (2-5)
W BE
H 1 = a;
373 (s o) =g 0 [ioeotin]- - e

RPN (2-3), FHE
dw dwd( ¢

"E X T e
X
+o0 ' 7“2j
FO =14 q (C” + C—i) : (2-8)
j=1
TR R IE R 0, FmA -1) ATl
_ o dz d¢ NS
vv—i—Qg/I [d{ de}de—o XU =0. (2-9)
1 (2-2), 2-7), 2-8) FAAZ] (2-9) Hr, FATAT LIS B0 N JEZM AR 2
9 o
C—‘gff /0 Im[f]dd —1=0, R=1. (2-10)
Bt FERE MR R 2-10), RN R a), ay, -, aj, - THEAE

FRER B, SR SE B EFATOLRES G AT IR AL FATTOR B AT » A BT R 2L

ayr, Gz, =, G, EI]

)20
Na0+zaj <§J+—), ap = 1. (2-11)

-1 fCAR] (2-10) , LR L W cos(kf) (k=0,1,2,---,r) R
REORSE, RATATLMGEIT (r + 1) MEOTRE!

=g <2J0h0 + ZMM) : (2-12)
n=1

PRSI R SR A
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il

Nk[al,QQ, e 7a'7“]
1 k—1 r—k r
= h%+%%+§(E;MMW+§QMMM+§QMM%>:QQ4$

XHEN, (k=1,2,---,r) NE&EMEE T, H

(= 3 (1m0
0 ny )
ni=1
a, (1 —r2" .
h, = _M W <n<r,
n
-
Jo=1+> a2 (L+rg™),
m=l (2-14)
r—n n—1
jn — 2 Z (1 + T§n+4nl) a/nl anl—i-n + Z rgn_an anlan_m]
n1=0 ni=1
H1<n<r,
r
Jn =2 Z rg”_%laman_m B <n<2r
\ ni=n—r

SR AL R 07 0 1 0, 8 5 4 SRR TR (2-12) A1 (213) Y
(r+1) TARMEE ¢, a1, az, -, apo

22 RRSHTERBSR

LajoMNa; (j=1,2,-- ) FOIISE IR, oo NARERHIBIZEL (PR
WS ZED) , A g € [0,1] o« FRATHIE AT AR

(1= 0)[2(a) = aro] = co a N |2(0), (0), - la)], k=127 (2-19)

B BB NG NG, N I Q-13) X, RMIEE (), Qa(a), -+
Q, (q) SRR TF ARG RS 0y, az, -+, ay o
W =00, BARTTRE (2-15) AU FME—f7

Q%(0) = ax., k=1,2,---r (2-16)
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g =10, FEE

WD) =ap,, k=12 ,r (2-17)

MTTFE (2-15) WA ETTRE (2-13) BEEIRAAE G ¢ M0 BIIEINE 1, K%L
Qi(q) NFITEEHRE I a0 IELEBN R R A a; (5 = 1,2,--+,7), FICIRATFRTT
T2 (2-15) NEMIWA TR H (2-16), RATAEEIUT Zr a5 kg%t

+oo
Qulq) =ano+ Y ani g, n=12--r (2-18)
k=1
X E
Qp . = Dk[Qn(q)]y n = 17 27 R A (2_19)
FRATIFR
1O~f
Dilfl = 55 (2-20)
kL og |

NREf Rk B RESR S . BETRATE Y BB S F 25 oo, S22 mI7 K
P (2-18) FE ¢ = 1 ALUSK, W (2-17), FATRIAS 2P B R RIS 2R

+oo
Un =Y np,  n=1,2- 7 (2-21)
k=0

¥ (2-18) FCARIEM LA JTHE (2-15) W, IR TRAL WL ¢ ARI1%
TR BRI, A2 m i EETE A R

Qkm — XmOkm—1 = Co ,Dm—l[ k:|7 k= 17 27 T (2_22)



R R ST ok R T 4 Ao o ih AL TS P Y e

XH
D;[Ni]
i 2%
o z : Ak i—ng (1 — Ty )
k
no=0
r no
4n
X |1 = Xnp1 + Z Z (1 + 7 1) Uy s Oy mo—ns
n1=1n3=0
r _,2n k—1 no
+9 Anyi—ng (1 To ) 2%k—2n
n To Gy n3Ak—ny no—ns
n1=1 ! n1=1n3=0

r—k no
2k+4n
+ 2 : § : (1 + To 1) anl,nganlJrk,TLQ*ng

n1=0n3=0

k-1 2k—2n n—1 n
ak—n,i—n2 (1 — T ) on—2ny
- Z k -n z : § : TO an1,n3an—n1,n2—n3
n=1 n1=1n3=0
r—n ng
E E 2n+4ny
+ (1 + To ) Qny,n3ny4+n,na—nsg
n1=0n3=0
r—k 2k+2n n—1 mny
Ut nji—ng (1 — "o ) E : 2 : 2n—2n,
o Z k +n TO an1,n3anfn1,n27n3
n=1 ni1=1n3=0
r—n  ng
2n+4n1
- Z Z (1 + 70 ) (ny 3 Any+n,na—n3
n1=0n3=0

r—k omn n+k—1 no
n iy (1 —15") 2n+2k—2ny
o n To Ay n3An+-k—nq,ne—na

n=1 n1=1 n3=0

r—n—k na

2n+2k+4nq
+ § : § :(1+T0 )an1,n3an1+n+k,ngfn3

n1=0 n3=0

_ Z [S_)]

n=r—k+1

r no
2 : § : 2n+2k—2n
X TO 1an1,n3 an+k7n1,n2fn3 9 (2_23)

ni=n+k—r n3z=0

;
5

aOO:L ao,kzo ﬂ:-/l kZl,

)
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H:

0 BEk<1

= = 2-24

Ak {'11%k>1. ( )

TEEEVERE AT L RIRESE T, FROTARCRI B s BRI S AR a0,

A20, 5 Gngo NEHEUL, FATIEH

ro = %, k=1,2--,r (2-25)

—HIRNTRTG ar g, asp, -5 any , WRESEBIEAZ TR 2-23) , AHKOCKR H
fiRAEE ar, aq, ---, a. W n BITRECHEUR

Qin =Y g, =121 (2-26)
k=0

MRk ar, as, oo, ar, BHARARITTEE 2-12) 1, B ¢ AIAT1E2),
A8 SV T R A it 2=
r 2

5::22(N}FL$L,~,QJ) , (2-27)

i=1
XHEAEMEE T N, Na, oo, N, 3% (2-13) 8 e B8, HikE & MU, k1§
W) RIS ARG (2-26) BikE . 1M HEHAR [30, 31] /™ M&IEM : #iRE € Bl
T 0, WFEMSHREE L ISR F TR — M. I, FRATNTE 5 SR iR
7= (2=27) BT,

2.3 FCRRKFRPBIGR

R [301, (0HTEAREE Al A BOIE FIAE A B SOR o n WY FIE%
GRS 0 N ERIE R Quny Qo, - oy Qp BURTN — R HIAT)
A5 T i aio, @20, "5 Gro, Rl a0 = Ql,n; az0 = QQ,n, T, Qo = Qr,n:
TR

A 2-2 2 25 T IRAREC IS XS RS o0 A T3 B U SOHE BE RS2 Mo AT A A
Tow A HIERET, Feo Tk Ress ISR 2521, (2 RS EATT
AR T & T ARERB FEe A 7%, 1 H— B FHE S AT R TR
Hhgrse IAREE AT R ST ¥

R CiEE, HENNA 8 1~ CPU, i73.60GHz ALFEZE, 8GB N1
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10
10°F
4
. 10°F
S
o
— 6
< 10°
=)
wn
e
-8
B 10° F
[
=}
A RN
L - 1st-order iteration N
2nd-order iteration .
— — — — 3rd-order iteration \.\
10%} without iteration RN
114\ [ [ [ [ [ |
0 0 3 6 9 12 15
CPU time ()

B 22 MBI, LB ro=0, r=100, co =—02 8, EEZ5HEatRe)xz ML
A

Fig. 2-2 The squared residual error, £, versus used CPU times in the case of 7y = 0, » = 100 and
Co — —0.2.

2 2-1 25 TR — B RAEEROTEE, AICBRKIR, ¢ = —0.2, r =100,
IR IR A AR (2-25) BY L T RIS R . AT UL BT R IR 22 £(2-27)
SHRGARE R 10717 Hg, XU RS T I RER AR AT AT RO I R oy,
az, -, ap ZIACEREMABED B 2-3 45 TSR Z 4L oo MFEE R
B oy 2. FRATREL ¢g = —04 2 FEEEREH, B g = —02 M
co = —0.1 BRELS BN EE R, (H o = —0.2 BRI X350 B a7 75
WSHEE RIS AL ¢, AR ISR ABEIEREOHE L, |cof BN, ZEURIL
SOBAR . 3 2-2 45 TR I XPAERIE M. BATEI, X THRACH 1
BRIGFE 7T, BRI REE R, WU r IR 2K (r > 5000) 0 IX
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MBS BARZE Gy B, RN AR R 2 1 B R, A REMR I L& B
A 120° S RTHIGE  AR PR 304 v ST IR AR T BRI o ks IR 16 i B 2 RS BN
H/X\ = 0.14108,

F 2-1 RIEAKIE, cg=—0.2, r=100, 4&AMEIFENNH (2-25), —HREERTHER
B R R BT 26k 893t 45 R

Table 2-1 The squared residual error £, wave steepness H /A and wave speed parameter
(g)\)/ (2mc?) versus iteration times in the case of 7y = 0, given by the first-order HAM-based

iteration approach using ¢y = —0.2, » = 100, and the initial guess (2-25).

m, iteration times £ H/\ (gN\)/(2mc?)
20 1x107? 0.10623 1.0573
50 3x 1073 0.15083 0.8153
100 5x107° 0.13846 0.8494
200 3x107° 0.13974 0.8422
300 3x 10713 0.13973 0.8422
400 1x107Y7 0.13973 0.8422

A 22 ERBAR, cg=—02 8 TAFMT, —BFAEERT EBAR AL r Préed o
EAR,
Table 2-2 Wave steepness H /) and wave speed parameter (g\)/ (2mc?) versus truncated terms 7

in the case of 7y = 0 (in infinite depth), given by the first-order HAM-based iteration approach

using ¢y = —0.2.

r H/\ (g\)/(27c?)

50 0.13926 0.8391
500 0.14085 0.8397
1000 0.14102 0.8388
2000 0.14107 0.8383
3000 0.14108 0.8382
4000 0.14109 0.8382
5000 0.14108 0.8381
6000 0.14108 0.8381




R RV AT R IR T Ao i LA R AL R

- - = -c=-01
c,=-0.25
—_—— - C, = -04
.
0 i 1 1 1
50 100 150

B 23 £ARAKR, r=100 9T AFMHT, o HERKXEn OXRABERE, - -
co=-01;—— ¢=-025;,~--— c¢cog=-04,

Fig. 2-3 The first Fourier coefficient, a;, versus iteration times, n, in the case of rqg = 0, given by the
first-order HAM-based iteration approach using » = 100 and the convergence-control parameter

co = —0.1, —0.25, —0.4 respectively. — ——, ¢o = —0.1; ,co = —0.25; — - — ¢cg = —0.4.

BI2—-4LLE T r = 5000 F1 6000 Ff A E AT RECHE. A IR TO0F /4
I REEEY A, B r > 5000 CREZE HAG WA SR 1 H N E2—4h AT LA
RN B R R o NIEMAET S, XU R SSIRE . R A1E
FPREIIEE R ROTAEABUEB K ro B 2-5H08 T RS EALTT B Schwartz
(6] BN TT VLT MBI I, ZILPE AR BRIbZ A, RfeiERTT %
25 BRI B AL B 119.3° 3668, SIS 120° —E,

(B3 587542, Schwartz FEHC [6] FH & BIAAFE . MHEEITUTC B4 ik
B 7R DR B D TR 5 DA AU L BB OR B ) LU I R AR o ORGSR
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03

0.2

0.1

0 | N | | N | ST AL
10° 10" 10° 10°
j

B 24 ERBRAKER, cg=—-028TAEMHT, —NRBERT ZL B GHAIELrT 2

# aj, o, r=5000; —, r=6000,
Fig. 2-4 Fourier coefficients a; in the case of 7y = 0 (in infinite depth), given by the first-order
HAM-based iteration approach using co = —0.2. o, r = 5000; ——, r = 6000.

i, RAFEAEERTTH:, FATICT AT IR AT B (a8 AR SME R
Yy), BRI eR AT A0 B R AL o BNl 3K 98AT SRR T R A 5 ik
LT #2515 (6]

24 FARKRBPEER

AR, FATEHE LI rg = 0.05. TERBERE AT EAER
FATAENKA) B A BB a4 IR, T BE D10 Y 0 A6 0 0 e A= ke Bz T B BR i
SGRTE . FEEIREE KR (rg AOIEINE 1), MEMN AR 0, a, -,
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D
0.1
(e} Schwartz .
theHAM i
40.05
- 3
>
40
-0.5 -0.4 -0.3 -0.2 -0.1 0 00°
X/
B 2-5 M IRATHE M7 KA R IRACR F 69k | B, —, — B F&EAR T & | o, Schwartz
(6] &3 7 %,
Fig. 2-5 Wave profiles in the case of ry = 0. ——, given by the first-order HAM-based iteration

approach; o, given by Schwartz’s perturbation method with the aid of a so-called series completion
method [6].

a, SIESAMY, 1o = 0 X R R 25 a1, a2, -, asoo AR HLIRATIRE
FEOERU — A (2-25) HiEAVEA TH rg = 0.05 BRI AE MG Hef)igi
WMRBANTCE R ro = 0 BRI RE a1, ag, -+, aseo; AT 1o = 0.05,
PATTR I BN I AE A% T
{ak 1 < k< 5000,
ag0 =

(2-28)
a5000 24 5000 < k,

Yo = 0.05, FAVKI: =6 Q-25) 1E O AE AR, TSzl 240
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co MWLELIX [B]2h [—0.2,0), F5EE 400 KIEAL (¢ = —0.2) A REAF R EL M &5
R, WER2-3F7R; AT (2-28) YE MW GG SE MM, co HIUCSLIX R AT 48K &2
co € [-1.2,0), & 30 REPAIFEAEMAISE R, W24 XARIFHAFRE
T AT AT ZR ) (2-28) A2 (2-25) VE AR IR AR o

#2370 =0.05, cg=—02, r=>5500, KA—HFEMENRT EIFH (2-25) 18 A4
R PR AT 2] 69 45 R
Table 2-3 Wave steepness H /X and wave speed parameter (g\)/ (2mc?) versus iteration times,

m, in the case of ro = 0.05, given by the first-order HAM-based iteration approach using the

convergence-control parameter ¢ = —0.2, the truncated terms » = 5500 and the initial guess
(2-25).
m, iteration times H/\ (g\)/(27c?)

10 0.18670 0.5663

50 0.13681 0.9099

100 0.13976 0.8455

200 0.14033 0.8416

300 0.14023 0.8421

400 0.14026 0.8421

500 0.14026 0.8421

& 2-415=0.05, co=—1.2, r=>5500, RA—HFEER T EIHF (2-28) 1F ks 47l
R P AT 2] 69 25 R
Table 2-4 Wave steepness H /A and wave speed parameter (g\)/ (2mc?) versus iteration times,

m, in the case of ry = 0.05, given by the first-order HAM-based iteration approach using the

convergence-control parameter ¢, = —1.2, the truncated terms » = 5500 and the initial guesses
(2-28).
m, iteration times H/\ (g\)/(27c?)

10 0.14018 0.8423

20 0.14024 0.8422

30 0.14026 0.8421

40 0.14026 0.8421

50 0.14026 0.8421
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KM, AT ro = 0.05 BIEERAIER ro = 0.1 IIWIIGAE WIRR, A5 4%
ro = 0.1 BIEERAER ro = 0.15 BIRILEAE MR H0XFRORNE , (ER/KIRH RSB
SHIRPBITRE], nF2-5FR. WRIRHE, BEEKIREK, WEHEHIZE ¢ 1
WSUE A2 K. BATKEL, EFIH ro = 0.05k FISERAERIIERE N, Kk
HHEIKIE ry € (0.05k,0.05(k + 1)] BT, ST o WTHI I &L XA H

k?)
o =-12—or 0< k<19, (2-29)
EER, Y |co| B, XTI AULSH R (A0 2-3). L, EHEEIER
co IR ANERERA AR RIS BRI L, T ELRESR MU S g . MRYETHE, XFAE
BRI, AT T SR B9 (TS (i A A SN R T ) , IEAREH
W e RIS BB &5 R o IX LIRS T RS AT 5 1032 [ J ) A 250 o

2625 H T — W FAMEIEARTT AE g = 0.99 FTEURT » BI455HR . mTLLK IR
HUr = 50000 CRETSFEIREHAME . LA, E2-625H THE ro = 0.99 LTI T
Fra M EIF 2%, LB r = 40000 5 r = 50000 AIZ5 B EIRIF o IX LY |
RIS TR AR, [RAE T T7 AR SR BB DR FIT A A48 FE I R B B

Emwﬁi&w%uﬂ“*J A T 7R R A AL PR 385 1R 1) 388 1 S £ 0 A
120°0 X5 AERE G AE 1982 “E A #f Amick et al. [97]F1 Plotnikov [98]7) 5!/ Jth
SEUERH o SRTIHEAVER PTAT, FEAR R AR SR i YR 2 R B T 2 A AR B A A
5 H. IXERCNHATILT A IR EUE DT E TC R R B v )
I ZREL, B IR SR T %%M%M@Ew%ﬁﬁﬁﬂ&oﬁm,wmm
(1015 Bh 7 AR rg < 0.9 YIREMW LS B RERE) H /d 18, 1B ry > 0.5 I,
Cokelet [101 3 T B TCIELA MR . i, A TAESACGRBIN IR BIR, 18
IR HUATE FI SIS I 28 ¢, [RMB ST 7 2 T 7528 FARAT i (D 5 R AT A O
FIrA 48 B RN ER, Rt RE B BEZG RS B B 1T, W] 2-7 Fose It
Gb, 2745 T ASE KOG AR BRI FE S I e i e £y, JRATT Y &5 R S
WAH 120° HIWI4

H/d~ c*/(gd) F1l H/d ~ \/d BIHLA A5 318
0.58557 gjl + 0.62667 ( ) —0.73410 (;Z)S + 0.19634 ( ¢ )4 (2-30)

0.14109 2 4 0.00804 (2)* + 0.00949 (3)°

N 1+009671’\+002695(A) +0.01139 (5)3’ (2-31)
d d
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Table 2—-5 Results for a variety of water depths, given by the first-order HAM-based iteration ap-

proach.

o r d/\ H/\ H/d (g\)/(2mc?)

0 5000 00 1.4108 x 107! 0 0.8381
0.05 5500 4.77 x 1071 1.4026 x 107! 0.2942 0.8421
0.10 6000 3.66 x 1071 1.3782 x 107! 0.3761 0.8540
0.15 6500 3.02x 107t 1.3386 x 107! 0.4433 0.8739
0.20 7000 256 x 107! 1.2851 x 107! 0.5017 0.9022
0.25 7500 221 x 107" 1.2197 x 107! 0.5528 0.9395
0.30 8000 1.92 x 107" 1.1446 x 107! 0.5973 0.9864
0.35 8500 1.67 x 1071 1.0618 x 10! 0.6355 1.0442
0.40 9000 1.46 x 1071 9.7388 x 1072 0.6678 1.1145
0.45 9500 1.27 x 1071 8.8289 x 102 0.6947 1.2001
0.50 10000 1.10 x 107! 7.9084 x 102 0.7169 1.3048
0.55 10500  9.51 x 1072 6.9943 x 102 0.7351 1.4344
0.60 11000 813x 1072  6.0995 x 1072 0.7502 1.5977
0.65 11500 6.86 x 1072 5.2327 x 1072 0.7632 1.8091
0.70 12000 5.68 x 1072 4.3983 x 1072 0.7748 2.0922
0.75 14000 4.58 x 1072 3.5968 x 1072 0.7856 2.4898
0.80 16000 3.55 x 1072 2.8263 x 1072 0.7958 3.0876
0.85 18000 2.59 x 1072 2.0840 x 1072 0.8057 4.0856
0.90 22000 1.68 x 1072 1.3670 x 1072 0.8152 6.0838
0.95 28000 816 x 1073 6.7292 x 1073 0.8243 12.084
0.97 37000 4.85 x 1073 4.0128 x 1073 0.8278 20.087
0.99 50000 1.60 x 107 1.3281 x 1073 0.8303 60.175
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K 2-6719=0.99, —HREERGERFR rofeg2E R,
Table 2—-6 Wave steepness H /) and wave speed parameter (g))/ (2mc?) versus truncated terms r

in the case of o = 0.99, given by the first-order HAM-based iteration approach.

r H/\ (g\)/(2mc?)
21000 1.3229 x 1073 60.410
28000 1.3251 x 1073 60.312
35000 1.3264 x 1073 60.249
40000 1.3272 x 1073 60.214
50000 1.3281 x 1073 60.175
55000 1.3281 x 1073 60.175

F 27 — B B AR T R AR R B K IR Fe A T A4 sk 89 0% & A
Table 2—7 Included crest angles in a variety of depths, given by the first-order HAM-based iteration

approach.
To included crest angle
0 119.3°
0.3 119.2°
0.6 119.4°
0.9 120.2°
0.99 119.2°

28—



LHZGERFME PR IE F R R AT T ik KL & AR P 89 MR HE LT IR

0.003

r = 40000
r = 50000

0.002

0.001

0 | L L LIl | L L LIl | L L LIl | L L LIl |
10° 10" 107 10° 10*
j

B 2671, =099 8, A—MREERF ERE QA LA R I o, r = 40000; —,
r = 50000.

Fig. 2-6 Fourier coefficients a; in the case of 7o = 0.99, given by the first-order HAM-based
iteration approach. o, r = 40000; —, r» = 50000.

e 2-8 LWIR T ANIF] 5 ¥ i 2t AR B YT 36 5 0 e A2 AN TRI AR HR ) H /N fHL
AT AR L Schwartz [6] J7 35U T rg < 0.7 AR, 11 HE R MK ; Cokelet [10]
T AU ro < 0.8 F%K; Williams [13] UE T 500 ro < 0.9 ARL, THEZ
AR S [RS4TR8 g < 0.99 AR

B2-9 Fi TN T4 I H N ~ roo ATLAREL, RIS FH 75 L)
1 Shanks 1Ef ey AH . Schwartz[6] &3/ J7 AU v € [0,0.7] A%, William
[13] ZUETTEAUN 1y € 10,0.9] AL, AT EHS 3 4T 7354 ro € [0,0.99] A4
Mo ER-10H T AR Hd ~ 2 /(gd) « AXERIL, Cokelet [10] $E
BNJTEERTT o > 0.9 3%, MRS IT 5L THERUK IR ARG Rtz
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Fig. 2—7 Wave profiles in a variety of water depths, given by the first-order HAM-based iteration
approach.

S, XEF 1o = 0.99, BRI EARGH) H /d SR H 4,

(%)m = 26726[ Loy =1 (2-32)
MWIE, XU e RE G — 2T e A e

R4 Hedges [99], 4 Ursell 0 HX2/d® > 4000 B, £ FR 7K 9% 76 B w41
KISZP o T2 7o = 0.99 BF, N/d ~ 600, Ursell £ H\?/d® EEKTF 3 x 10%
XS T AR GRSl BENE R TAE EKIRA A R,
F2-11r7~. Bk, FERSSAT T ESE , ToRRARA R R B, 1
[ A2 P FR I, S W EIR Y RE S — BT FE ST T B FR G P TIEL, BS
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09r 09r

06}

H/d

03}

05 1 15 10° 10" 107
c(gd) ald

(@) H/d ~ ¢*/(gd) (b) H/d~X/d

B 2-8H/d%5 c?/(gd) F= \/d #34nb-dh £,
Fig. 2-8 Comparison of H/d given by the HAM-based iteration approach and fitted formulas
(2-30), (2-31). e, the first-order HAM-based iteration approach; (a) —, (2-30); (b) —, (2-31).

& 2-8 MIRATHE LT AL R Bl KR F 49 H /M A8
Table 2-8 Limiting wave steepness, H /A, in a variety of depths.

o Schwartz [6] Cokelet [10] Williams [13] the HAM

0 1.4118 x 107Y  1.41055 x 107t 1.41063 x 107! 1.4108 x 107!
0.1 1.380 x 107! 1.378 x 1071 1.37801 x 10~t  1.3782 x 107!
0.2 1.285 x 1071 1.285 x 107 ¢ 1.28495 x 1071 1.2851 x 1071
0.3 1.145 x 107¢ 1.1443 x 1071 1.14439 x 107! 1.1446 x 107!
0.4 9.75 x 1072 9.739 x 1072 9.7374 x 1072 9.7388 x 1072
0.5 7.91 x 1072 7.910 x 1072 7.9072 x 1072 7.9084 x 1072
0.6 6.14 x 1072 6.090 x 102 6.0984 x 1072 6.0995 x 1072
0.7 4.5 x 1072 4.374 x 1072 4.3975 x 1072 4.3983 x 1072
0.8 — 2.79 x 1072 2.8258 x 1072 2.8263 x 1072
0.9 — 1.5 x 1072 1.3667 x 102 1.3670 x 1072
0.95 — — — 6.7292 x 1073
0.97 — — — 4.0128 x 1073
0.99 — — — 1.3281 x 1073
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=
T
I’O
B2-9 — —WR#®B%ENRFT %, ¢, Schwartz [6] 3&5) 7 & F 1A 4204 ; A, Schwartz
(6] ¥ 7 i FF 4% A b8 #8254 F= Shanks A e; T 5 O, Williams [13] #4875 %,
Fig. 2-9 Comparison of the limiting wave steepness H /\. ——, the first-order HAM-based iteration

approach; ¢, perturbation method with the aid of Padé approximants [6]; A, perturbation method
with the aid of both Padé approximants and Shanks’s iterated e; transformation [6]; [J: Williams’s

numerical method [13].

A AR B2 % v — B AT B — 3%, Yamada [3], Lenau [100], Yamada
and Shiotani [4]F1 Longuet-Higgins and Fenton [7]% 25 H /d = 0.827, 1H Witting
[101], Witting and Bergin [102], Williams [13]#/1 Hunter and Vandenbroeck [15]4/!
5 H/d = 0.83320 ARLZHF H/d = 0.8332 (FAY g = 0.99 Bf, H/d =
0.8303 > 0.827) -

B2-12 EH T 2 rg = 0.99 B, RIS H RS, A8, (CA R
M7 IR REZA Y 119.2° ISR A, 17T KV 4%, Laitone —Mrf U [103] #1
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1 -
I O  Cokeet -
B A Schwartz
08} the HAM S
i ﬁﬁ
f %
[ N
06
E -
T =
04
02F
0 04 0.8 12 16
c’(gd)
B 2-10 H/d ~ ?/(g9d)e —, —HRMEERTE o, —HRLENRT HLE rg =0.99 B
145 % ; A, Schwartz [6] ; [J, Cokelet [10] ; ———, H/d = c*/(2gd).
Fig. 2-10 Comparison of H /d, versus the squared Froude number, ¢?/(gd). ——, the first-order

HAM-based iteration approach; e, the case of rq = 0.99 given by the first-order HAM-based
iteration approach; A, Schwartz [6]; (J, Cokelet [10]; — — —, H/d = ¢*/(2gd).

Fenton JUM UT (UL [104] Fren th A3 T 420 & e I el o 3xX i B, FEAR R ZKIR
L ACHES AT T B A R T HAR T KAV ZeMEf#E A Laitone B Ut LLfR
[103], Fenton JLMITALUIE [104] SWAAKE EERE & o

2.5 I

SRR B AT SO A AR 7 27 I B i, “2 2 (118 92 HY
Z N EEUE T i, A BAEMSAR I MR DRIZ MR, SR EE R AR A RN
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() Williams
theHAM

Solitary theory

0.8

0.6
B
- Cnoidal theory
04
0.2
Stokes theory
Qe
Ald
B 2-11 H/d ~ \/d. o, Williams [13] ; ——, —MRMEERFT & ; - -, ALK ®
Fotlh B A7 K BB 5 FXK, BP L Ursell K HA\?/d® = 40[99] s ———, KRZK : (H/d)maw =
0.83322[15],
Fig. 2-11 Comparison of H /d, versus A/d. o, Williams [13]; ——, the first-order HAM-based
iteration approach; — - —, demarcation line between Stokes and cnoidal theories, the Ursell number
HMN?/d? =40 [99]; — - —, (H /d) max = 0.83322 for solitary wave [15].

FIRTR L, SRAEZ R A BRI MERL: (1) /KRB EB R IR = (B
FIRFINBRPR) , PARTTRERARLIEAR W58, S P B R BRI (2)
i O B A L R AT N, BT T IR T ORGSR R . A SOR
PS54 7 2 B Se R 1 X R e A SR I 2L ¢, FRATET
EOTATI TS CAnPALEIT LRI ML) RIVRTRf R BT (e E I AR B 4
S BeAh, MRS A ERETIFFEBURIC R IR SE R, X TAERUKE, &R
HOA R AT AT 2SR 25 2R, X AR 0 AT 5 50 T2 R R AT U A e
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0.9r
- — — - KdV
B % Laitone
Hiw ——— Fenton
| 1 \\\' \ ——— theHAM

y/d

B 2-12———, KdV ## ; —--—, Laitone =M/ [103] ; —- —, Fenton FUM-ZTALfE [104] ;
—, R (2-10),

Fig. 2-12 Wave profile in the case of vy = 0.99. — — —, exact solution of KdV equation; — -- —,
Laitone’s second order approximation solution [103]; — - —, Fenton’s ninth-order approximation

solution [104]; ——, homotopy approximation solution of equation (2—10).

g3

Jo7 24 SR B, TR BRI SO I (R, A Ty AR 2 HRS 1 ) 5
R R BE) , T H IR AEAE BT B T BRI 4 N o i EE
PR, SRTHR A B IR BR Z AS W 2 AR A NG i, X2E
ORRIAS ZIR K AP AR IR B R IAT | X FE U T 1 RIS 74 7 i O A K
o

XFFAFEIKER,  H AT R B A R B S AR i e e B e I A
TIERR S K R A o PR B 3K 2R (U0 Kdv T e,
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3.1 KREBRSEAHNKEERERAGRE
5 A KB [ AR 7 72
,?o(y)

Nile(y), S(y)] = Ve —(y)S(y) — Qy* =0, (3-1)
42 1
Naolp(y), S(y)] = f7#?+§¢w%=Q (3-2)
MR 254
p(0) = S(0) =0, (3-3)
A dp(y) po dS(y)
)= .22 s(1) =+ .29 34
P(1) = 3= Iy | (1) P1 | (3-4)
XH )
AW
=1z W = VAN ) =T oy
RN, 3(1— 12)\/3(1 — V2) R
S() =31 ) ey, o MZVIVICZ I, )

it FRERAOIEIEE, w(y)s Noo Ev vv Ras bl p 50 BIRHHR
BIBSRE, WA, WAECHER:, WIRAEL, BRAELS, BRSRIIMT A
B, BT SHRSIER. BAR (-5), TRTIRPNTLHE

Wm:—/lwmw (3-7)

5
AREE R LA DU A

(@ FEIERE: N=0, p=2/(1-v);

(b) AIBRE: A=0, p=0;

(c) I HE: N=2/(1+v), u=0;

(d) FEEHESR: A =2/(1+v), p=2/(1-v);
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311 ERRDHTEKRBSR
T o(y) A1 S(y) WREBCRREGRE (511, AT

+oo +o0
m=1 m=1

XL ap, T by PN REL, BATERBOR RN E . <

NARYE 3-7), A

(1- q)E[fI’(y; q) — ¢o(y)]
= coqHi(y) yQa q;gf 9 _ (y; 9)=(y;q) — @(Q)yQ],
(1- Q)C[_E(y;Q) — So(y)]
= ot iP5 + 38 ),
R A 3 45 £
®(0;9) = =(0;¢) = 0,
A 0%(y9) N I Ch)
(P(l’ Q) - N—1 ) ay y—17 _4(1, Q) [ — 1 ay t
F G A IR ) S5 A4

"1
&/ -®(g;q)de = —a.
0 €

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)

(3-15)

XE, (y;q)s E(y;q) AT O(q) AR RFFREE o(y) S(y) A1 Q; woly)
So(y) 5330 o(y) B S(y) FIRDIRAE TG, B2 &0 3-3), 3-4) F (3-10);
LM FHWL £[0] = 0; Hi(y) Ml Hy(y) NAEZRIHBIREL, Yosss

TS co H—PAERHEL ¢ € [0, 1] TRk AL,
2 g =00, TR G3-11)-(3-15) HfiE

P(y;0) = woly),  E(y;0) = So(y).

(3-16)



SR KA AT H=F 5 ARSI R R K B AL
Yg =10, HHE
D(y:1) = 0(y), ZE@w:1)=5S(y), ©(1)=Q. (3-17)

MTTHE 3-11)-(3-15) FEM T I TR (3-1)-(3—4) 1 (3-10)-

M (3-16), ®(y;q9) E(y;q

(y;q)

ORI (3-18) RABIEM LT 3-11)-3-15) #, FFiL T RAAEW

) T ©(q) AIJEIFIEAN T 2258 5 R K

eo(y) + > emly) ¢,

m=1

So(y) + Y Sm(y) 4™,

m=1

(3-18)

%]

¢" (m=1,2,---) BIREAZE, W15 m BEEIE

Lom(y) = XmPm-1(y)] = coH1(y)01m-1(y), (3-19)
L[S (y) = XmSm-1(y)] = coHa(y)02,m-1(y), (3-20)
FERR M B4
A don, as,,
pull) = 77 Z;” S = d;y) A
y=1 y=1
TIBR A &1 )
/ ey om(g)de =0, (3-23)
0 19
X H
0 Y¥m<l1
= ’ 3-24
X { 1 ¥m>1 ( )
d2 - m—1
Srma(y) = Y dy;(y) = oW)Smax(y) = Qmay’,  (3-25)
k=0
d2S,, 1
Som-1(y) = ¥ dy;(y) +§Zwk(y)s@m_1_k(y)- (3-26)
k=0
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MRIRARRIAIEN A TGN T 1) a5 T

o) = s O Dy =) S =ty G2)
RSB T p
£luty) = S, (328)

R AR TN, FRATIERC B R 2

1
Hy(y) = Ha(y) = 2 (3-29)

M &R A JRE (3—19) A1 (3-20) YR N

b
() = XmPrm1 (4) + o / / tn=t(T) i & Dyt Doy (3-30)

82m
Sm(Y) = XmSm-1(y) + co / / = T;( )den + Dyt + Dipy,  (3-31)
0 0

IXH ) Dimy Doy Dayn T Dy NSRRI R EER], A EM (3-30)
Ml (3-31) HAE LA ARFE AL D1y Doy Damy Dagn M Qo1 imFATE
WA TLABREIZA: 3-21)s (3-22) Fll (3-23)0 UL ¢ (y)s Si(y) Fl Qs FI
BEME—Tf . MK IR 801(9)‘ Sl(y)‘ Qo, 902(3/)‘ 52(9)‘ Q- E, kS
o(y)~ S(y) M Q W1 M B [FHE LA

=D em®), SW=D Suly), Q=) Qm (3-32)
m=0 m=0 m=0

HREIERS T 7 B RAEZL ) 51 G A T 7 BE s S AL AR I 6
[30]. A FRATHE o(y) T S(y) B M W [FS T RIARD BIEAR po(y)s Soly), FHAE
R UGEACHIE RIS IR, BRATFRIZITIEA m B S IEA. R T
TR IEAGE R R IE IR BRI, AT SRR T (3-19) « (3-20) i
T, B

coH1(y) - 61m(y ZEmky, coHa(y) - 62m(y Zkay, (3-33)
k=0

KR B T F, AHEEL N FOAEBIE. hT 21 EOR R, FRATE XL
MRz

5=A%K Jﬂwﬁwm4f+<fﬂﬂwﬁwm4f}@. (3-34)
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AR UL FEEAEE AT, HFEFE LI BERZBREMN, a=5
(AP: w(0)/h = 3.03)0 25 25 BY AR ZE AN 3-1 Fros, AT LA B A I
SHEHIBE ¢g = —0.28 W N B/NMTIRZE €)o FRATH ¢p = —0.28, KIXF
a=5XNEW, R AHGEEE 4.9 x 10712, {13 3-17R. XX T
a="5 (Bl w(0)/h = 3.03) XDEM, [FEHHT 735 TG ZE H SR fd i i
U, TEE], BT [56] AR w(0)/h < 2.44 < 3.03 « A, [F]
T IT BT RN T o
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Fig. 3—1 The sum of squared residual errors £ versus ¢ in the case of @ = 5 for a circular plate

with clamped boundary, gained by the HAM-based approach (without iteration).
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BB ¢y = —0.28 49t A4 R,
Table 3—1 The approximations of (), the squared residual errors £ and the used CPU time in the case

of a = 5 with the clamped boundary by means of the HAM (without iteration) using ¢y = —0.28.

m, order of approx. & Q CPU time (seconds)

20 6.4 x 1072 131.7 6

40 58 x 1074 132.1 35

60 9.3 x 1076 132.1 106
80 2.0 x 1077 132.2 243
100 5.1 x 107 132.2 465
120 1.5 x 10710 132.2 782
140 4.9 x 10712 132.2 1205

RIEIT R, R KA AEN T, WTHREE e, RILH ¢ PLl T

AL /N
50

50+ 0.45-as
EER, BLEE o, 1SR FERRESR o(y) T S(y) BN o WRLE. TR
AR 33T RS HIER] . FrA RSN TT I (6035 Vincent #6877 [54] FHERAF
K35 [551) LB _EYAEMR AT T IRAE ¢o = —1 YRR

(0 <a<5). (3-35)

Co —

3.1.22  [FMBIEAR T ¥

ARATHRATR A RS ERTT 2, FFRFEETE B bk i AR50,
a =75 (BPw(0)/h = 3.03). WK 327w, B SR SHE T ZEL ¢ =
—0.550. 3245 T ¢ = —0.55 IITFELER, ATLUA I FRIE 40 ¥k, 255 I
H], R7Z & AR 1.7 x 10724 FEIARIFEIFERS BT, FeERITIERTT
BRCR ARG T B E R, n3e3-1 M 32fn. R AT 5 Fra 84
AR A RS ERTT

LA FH RS IEATT 21T, FRATE B TFEIR RS IE R G AL M TS
T No 1 3-538 5% T AFRREARBEL M T ERCE I, aTLAEI, —H
ERRTH R AR RS, T HRAASE RERB AL M OSSR B3 A 500
WM ERCRRI A A&, T IERAMERHA— RS ERTTE:, B M =1 1t
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B 32 e Xey KR LB M2, ABRTEREAREHMHT, a=5 N=100, KA—
MBI 7 E AT 89 5% 7 ik 2 W &,
Fig. 3-2 The sum of squared residual errors £ versus ¢ in the case of a = 5 for a circular plate

with clamped boundary, gained by the 1st HAM iteration approach using N = 100.

R32 MW RO KRB E GmG R, EBAEZRFAREMT, a=5 N=100, AR
Wik K 7 iEFF B ¢y = —0.55 #93F H 4 R,
Table 3-2 The approximations of (), the squared residual errors £ and the used CPU time versus

iteration times in the case of a = 5 with the clamped boundary, given by the 1st-order HAM

iteration approach using ¢y = —0.55 with the truncation order N = 100.
m, iteration times. E Q CPU time (seconds)
10 4.5 x 1073 132.2 5
20 4.8 x 1071 132.2 12
30 1.3 x 1078 132.2 18
40 1.7 x 107 132.2 25

S NGBOK, RARGE RGO, (BT RRCRMAG; M o MK, JrRedRdlt
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N = Maz {100,~ - a}, (3-36)
XH y SRS K
(a) [EERZ: v =10; (b) AIFEREL: v = 13;
(c) BIHAK: v=1T; (d) FIHPEE ST K v = 5o

<
oA
arwWN R

1O~30\ L1 L1 T - L1 |
0 100 200 300 400 500

CPU time

B33 maB X XA ERFTRE, EEXXTAREMHT, a =15, N = 150,
co = —0.13, FEARHF M AF H 2 F 6%,
Fig. 3-3 The squared residual error versus the CPU times in the case of a = 15 with clamped
boundary, given by the HAM iteration approach using ¢ = —0.13 with the truncation order N =
150 and different order M of iteration approach.

WP, EEERRZDFEMET, RIMIREEEHIZEL ¢ Fieln 2%
A 26
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WARIEAIE L T EVEE R LB e AT R4 R4 RS N A A
G B Fe s AT % BT KT 5z 515 XLl 1 R oA
JTEERA R E AT L [ E R KR B AR T BRI AN 35

& 33 MAH e REEE FRFR, £BEZRFARFMHT, ®A—NREERT &7
ey LR,

Table 3-3 The homotopy-approximation of the load ) versus a for clamped boundary, given by
the HAM-based 1st-order iteration approach with the truncation order N given by (3—36) and the

optimal convergence-control parameter cq given by (3-37).

a Co N Q

5 -0.51 100 132.2
10 -0.21 100 957.7
15 -0.10 150 3152.1
20 -0.06 200 7386.9
25 -0.04 250 14334.1
30 -0.03 300 24665.7
35 -0.02 350 39053.6

RAT, XTABRZDFFME, BATEREAA S HIZEL ¢

39

~39 o 0 <a <35, (3-33)

Co —
PR AT EE R ANZE3 -4 N o X TR B SORGA 55, BTl L sl
RS EL ¢
80
80 +a?’
FER AT SR E R INF3-5 17k o X T (] BB SR B 56, S0 A )
S8 co W N AS AT

0<a<50, (3-39)

Cop =

40
40 + a3

NPT RS R AN 36l

. 0<a<50, (3-40)
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Table 3—4 The convergent homotopy-approximation of the load () in case of different values of
a for a circular plate with moveable clamped boundary, given by the HAM-based 1st-order itera-
tion approach using the truncation order N given by (3—-36) and the optimal convergence-control

parameter c; given by (3—38).

a Co N Q

5 -0.61 100 49.3
10 -0.28 130 240.1
15 -0.15 195 657.7
20 -0.09 260 1372.5
25 -0.06 325 2450.9
30 -0.04 390 3956.8
35 -0.03 455 5952.2

& 3-5 M Koy R E M4, £REIRARFMHT, A —HREERT E7
B84 R,

Table 3-5 The convergent homotopy-approximation of the load ) in case of different values of
a for a circular plate with the simple support boundary, given by the HAM-based 1st-order iter-
ation approach with the truncation order NV given by (3—36) and the optimal convergence-control

parameter ¢, given by (3-39).

a Co N Q

10 -0.44 100 107.8
20 -0.17 140 737.4
30 -0.08 210 2304.8
40 -0.05 280 5199.8
50 -0.03 350 9799.3
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Fig. 3—4 Comparison of the results given by the HAM-based 1st-order iteration approach and other
methods for clamped boundary. Solid line: results given by the HAM; Symbols: results given by
Chien’s perturbation method [55] (@) and by Zheng [51] using the interpolation iterative method

).
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Fig. 3-5 The deflections of a thin circular plate with clamped boundary given by the HAM-based
Ist-order iteration approach in the case of a = 5, 15,25, 35. Solid line: pR:/Eh* = 117.2; Dash-
double-dotted line: pR:/Eh* = 2795.2; Dash-dotted line: pR:/Eh* = 12711.2; Dashed line:
pRY/Eh* = 34632.0.

3.1.3 ERREEAE AR ST AEE— 10

AFEBRAVEIEW SN ¥ (6355 Vincent #5307 [54] FlEAE K [55])
SR _EREFEMS M T IEAE ¢ = —1 I— D456,

WG, BB RN

u(y) = ug (y) + ut (y)e +ug (y)e* + - - -,
X H e AVEL/ NS RS DEH N
u (y; o) = ug (y; co) + ui' (y; co) + b (y; co) + - - -

GTEDT . RS R AT T co = —1 BT— W] (1P () = (5 —1)«

HEHIE: uf (y)e' = ufl (y; —1)EH: i=0,1,2,---)-
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Table 3—-6 The convergent homotopy-approximation of the load @ in case of different values of a

for a circular plate with the boundary of simple hinged support given by the HAM-based 1st-order

iteration approach with the truncation order IV given by (3—36) and the optimal convergence-control

parameter cy given by (3—40).

a Co N Q

10 -0.112 100 890.0
20 -0.021 100 7152.3
30 -0.008 150 24166.4
40 -0.004 200 57308.7
50 -0.002 250 111955.3

7 B B SR AT Sz e/ R KB FE R AR T FR ) o R SR a0 T Ar
TN
C R R BAE o(y)s Sly)s Q F1W (y) BIXF ¢ S THsh BT

+oo

Z (PZP) 22 1 S(P) (y) _ Z SZ(P) (y)Cm,
= (3-41)

P) _ Z QEP)C%—17 W(P)(O) _ f VVi(P)(O)CQ _1
i=1 i=1
/Q\,\
S (y) = o.
SRIGHEZEL 3-41) RABIFEIE T 3-1)-(3-4) Fl 3=7) ', FibFE A AWl
¢ T REUESE , RS2 TR

o4 (y)
QQd—yz = ZSO (W) + QW) -, (3-42)
yQT(y) - _§Z¢§P)(y)¢5f+)1_i(y)7 (3-43)
Y =1
MR Gh 254
0P(0) = S (0) =0, (3-44)
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0
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FIRR G214 X
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0

Y =00, EMFLTTE (3-47)-3-51) FfEH
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YMqg=10, ABE
b(y;1) =e(y), E1) =Sk, O6(1)=Q, ¥(1)=W(0).  (3-53)
NI 75 72 (3-47)-(3-51) Tl AL M FHETTHE (3-1)-(3-4) Tl (3-10). 454 (3-52), D(y;q),
Z(y:q), ©(q) Rl W(q) PRI AN N 22 5e o5 R

+00 +o0
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3212 [FEMEARERIT RS g R

BAVBREHZE LN Q = 5, WIS TS5 ¢ = —0.35,
W EERMFE3-TRR . FTLARIL: FEERFERITITETEQ =5 (w(0)/h =
0.62) SRR LAZS HUR S 25 R . SRTM Vincent #3177 %5 [54] (LA Q 1EN#E
MBH) A Q < 3.9 (w(0)/h < 0.52) WAL, XEHFEES T 5% i)
JEEINAR

R, AN Q, IR HAR ISR FI B 5L ¢ TR E

K,

©o(y) [(A+ 1Dy =9,  Soly) =0. (3-104)

E

13

—E:65(0<Q§®. (3-106)

Co —
F3-8Z5 tH T HUAIE Q HAYS,

3T RBRHEB AN KZEERERTAE, Q =05, cg=—0.35, &M IFEEKEEHH 7 EF
a4 R,
Table 3-7 The squared residual error £ and the approximations of w(0)/h in the case of ) = 5 by

means of the HAM without iteration using ¢y = —0.35.
m, order of approx. & w(0)/h
10 3x 1074 0.64
20 7 x 1075 0.62
30 1x107° 0.62
40 2 x 1076 0.62
50 2 x 1077 0.62
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Table 3-8 The homotopy-approximations of w(0)/h versus @, given by the HAM-based approach
without iteration using the optimal convergence-control parameter ¢y given by the empirical formula

(3-106).

Q Co w(0)/h
1 -0.93 0.15
2 -0.76 0.29
3 -0.59 0.41
4 -0.45 0.53
5 -0.34 0.62

3.2.1.3 [FEMBETTIRA H L

3L AT T, i A T 1 I8 40 47 7 3 T RCHR B SR
36150 T AR M ST I, LRI % Mok, ik
SUFRERT I STRIE, BAARTR 3 USOR D, (EFTFAY CPU I AT
R BRCR I %, B TERR M = 1, BRI e T
HEHR T, LT M 2L o, WA F 2R AR

23
0+23

@ < 1000. (3-107)

Co =
w39 THURRH QME, (K FEIEAU A2 4h

3.2.14  UEMINAEIEAEE B FHe s AU R R

AT RATEHIED] : NHRIEARGE [59] 2R B2 3.2. 1.1 g th i — W [Rl{8 1%
RITR—R# o

AT ¢; = =0 GXH 0 NIRRT [59] THINEIERET), o = —10
T (3-99) F1 (3-102), —FrFHEITL p(y) F S(y) i 2

S*(y) = So(y) + S1(y) = So(y) — d20(y) = %/0 6—12G(y,5)g03(5)d5. (3-108)
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Fig. 3-6 The squared residual error £ versus the times of iteration and the CPU times in the case of
@ = 1000, given by the HAM-based iteration approach using the convergence-control parameter
co = —0.02. Solid line: first-order; Long-dashed line: second-order; Dashed line: third-order;
Dash-dotted line: fourth-order; Dash-double-dotted line: fifth-order.

K39 By X RILEE FMHAZ, SRR QE, A —H R ERA EFIH 6
%R,

Table 3-9 The homotopy-approximations of w(0)/h in case of different values of (), given by the
first-order HAM iteration approach using the optimal convergence-control parameter ¢y given by

(3-107).

Q o w(0)/h

200 -0.10 3.5
400 -0.05 4.5
600 -0.04 5.2
800 -0.03 5.7
1000 -0.02 6.1

©*(y) = @o(y) + ¢1(y) = @o(y) — 051,0(y)

1 1 (3-109)
— (1= heul) ~ 6 | K1)z =0 [ SK @)l
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TERBUN MG EK:

(A) HRAETTFE (3-108) T S*(y);
(B) il S*(y) BUR So(y), FAEAFTRIAIEESE MR, B So(y) = S*(y)s
(©) I (3-109) HE o (y);
(D) ik o*(y) BUR @o(y), FEEBFIRIRIIERE AR, BD vo(y) = ¢*(y).
fEBRE EREAPR n k2 )5, FAT4
Eu(y) = ¢ (y),  Enaly) = S"(y):
B FHE kAT TSR By

(/\ 1 11 .
E%ﬂwz—/qu@¢Wiﬁd&,
2 )y €

D,(y) = (1—0)P,_y(y) — 0/0 K(y,e)Qde (3-110)

1
1 ) .
iy / ()b 1(e)F, a(e)de.
0

SIS B ATTIRA B A e

édw=~f¥[u+1w—yﬂ. (3-111)

I — B RS AT BT SRB R 3-110) BT (3-111) 5 N HEE A [59] B9THE
B (1-37), (1-38) 2450, [, MR (59] (U B eSO
ficy=—0, cy=—1 W — PR THBEHFRE SR [60] 3UGHER . X T
FEREREE I SNAT, PIREIEAIS (59] SIRELY ISR SE . (il St fa]
BAIEI T o RS AT 106 TAE RIS MR S REL ST S50 (B0
¢ =—0, c; = —1MAr) .

322 H{EHLRE

I3 I R/, RIS AR AT Q JRTT LB JEE B R T AT U DR S0
o AT P25 845 E T RIS R T IO REZ ARG 3.
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(1= ) [8(y.0) — 2o(v)|

(3-112)

=q%iwﬁ%ﬁAZEK@f@@ﬂE@ﬂﬂﬂ+Auﬂ%@é@M%,

u—@Fm@—&@ﬂ:@ﬁa%@_;Al
T AR A 1

— P2 3-113
5 [ =26We) (E,q)de],( )
1.
/ -P(e,q)de = —a.
0o €

(3-114)
X Dy, q)s Z(y,q) Fl O(q) 7 BUXS M TAFREE o(y)s Sly) Fl Q; aAFEH
N ESOHE 31171 NI kA /R

Sﬂk(y) - Xk‘ﬂk—l(

y)
e [gok_l(y)—i— /O K0 Y eile)Si1i(e)de

1
—l—/o K(y,e)@k_ldal,

(3-115)
Sk(y) = X Sk-1(y)
- = (3-116)
=C [Sk—l(y) A 2—€2G(y,5)ngi(»s)gok_l_i(e)def] ,
=0
T A R S A X
|t o (3-117)
0 8
XH D or(y)s Sk(y) M1 Qp E X5 311758
FAT TN N R 44 e

wdw—gk+1ﬂA+Dy—y}
FEMFEER L, 4

(3-118)

C1 — C2 = (

(3-119)
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3222 [FEMEAREATT &L A4S

KALT3.217, HATFFESERHEARIEERTE, HFZEE L a =5
(w(0)/h = 3.0) 0 M FALHIEIEFIZEL ¢ = —0.25, HVLEERWFE 3-107
No ATLAKRIIRZE € /55 100 AT EFE R 4 x 1077, XY o = 5 1), [FfE
EIEACTT AR SR AT LALS RS £5 5 o SRTMERAR I (551 (HF o VE MR S04
) U w(0)/h < 2.44 (a < 4) GR, EH— KW T RS2 7 2R 0
Mo

K310 By W X RIEEHFR A, a=05, HAIFEKRE>ITH EFE LR,
Table 3-10 The squared residual error £ and the approximations of () in the case of a = 5 for a

circular plate with clamped boundary, given by the HAM without iteration using ¢y = —0.25.

k, order of approx. & Q
20 3 x 1072 132.3
40 2x 1073 132.5
60 9x107° 132.3
80 1x1076 132.2
100 4 %1077 132.2

WRIEHE, MTARZGEN o (8, SACHABREEERIZE ¢ W W a8 A

o+
11
11 + a?

F3-1145H THAR o {8, ARSI 2 T 2 14

co = (0<a<5). (3-120)

3223 [FEMBERTTIRA H SR

M IR AL SFABIAE K I8 — B [ AT i A R e, BRIAR T 3,
MTEEER A — M EEIE R T K 3-1248H T o = 5 IAGIFE LR, ATLAL I
P72 EAEIEAEE 40 IR E R E 5 x 10723, E3-8HE T AR 7 813
FRCR ATLARIL: TR E R KR B RWOT R, 1R8O AR L
TEF A RS IERTTH: (o = —0.25) WS, T NG B S 18 «
BN, — M REEEATTIEIL T N AEIEART: [59].
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Table 3—11 The results of the uniform pressure () in case of different values of « for a circular plate
with clamped boundary, given by the HAM approach without iteration using the optimal ¢, given
by (3—120).

a Co Q
1 -0.92 4.8
2 -0.73 14.6
3 -0.55 35.2
4 -0.41 72.4
5 -0.31 132.2

A 3-12 W X KRB FEFRTAE, a=5, co=—05, HA—HRAEER T EF 26
%R,
Table 3-12 The squared residual error £ and the approximations of () versus the iteration times in

the case of a = 5 for a circular plate with clamped boundary, given by the first-order HAM iteration

approach using cg = —0.5.
m, times of iteration. & Q
10 7x107° 132.2
20 2 x 10710 132.2
30 1x 10718 132.2
40 5x 1072 132.2
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SR, cg=—025; MAH X, BERFOSRE, ¢o=-025 #3FRE,

Fig. 3-7 The squared residual error £ versus the CPU time in the case of ) = 1000 (corresponding
to w(0)/h = 6.1), given by the interpolation iterative method [59], and the HAM-based approach
for given external uniform pressure () and central deflection a, respectively. Dash-double-dotted
line: results given by the interpolation iterative method [59] using the interpolation parameter
0 = 0.02; Dashed line: results given by the first-order HAM iteration approach for given external
uniform pressure @) using ¢ = —0.05; Dash-dotted line: results given by the first-order HAM
iteration approach [105] for the Von Karman’s plate equations in differential form with a given
central deflection a using ¢y = —0.25. Solid line: results given by the first-order HAM iteration
approach for the Von Kdrman’s plate equations in integral form with a given central deflection a

using ¢g = —0.25.

RYETHE, UL EANFRN o (B, HACIIESHEEHIZE0H 2 2% A
25
254 g2’
F3-13 HH THURF o E, RH—M RS ER T EERIWE R o, K
3-8 H T co~aB-121) F1 0 ~ Q [51] WK AZHILIE, K. BEEHOBER

o = a <35 (3-121)
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Table 3—13 The approximations of () in case of different values of « for a circular plate with clamped
boundary, given by the first-order HAM iteration approach with the optimal convergence-control

parameter cy given by (3—121).

a Co Q

5 -0.50 132.2
15 -0.10 3152.1
25 -0.04 14334.1
35 -0.02 39053.6

3.2.2.4  UEEA3.L 1T R TE S S AT 7 0k 3.2.2.1 T H KRR
A — )

AFTERAPEIER : 3.1 101 R B RS AT 7208 3.2.2.1 T7Hsk
AR T R — e
MEJTFE (3-99) , (3-100):

or(y) = xwpp-1(y) +c

2 y
or-1(y) + Qr—1 <—+)\+1 ) / 12% )Sk—1—4(
1 k—1
/ % Z@i(e)sk—l—i(f)dff + (A= 1)/ % Z‘Pi(E)Skq_i(E)dE] , (3-122)
Yy i=0 0 i=0

| Ry ) UCT RN

1 [v1% 1
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Fig. 3-8 The convergence-control parameter ¢y and the interpolation parameter 6 versus the central
deflection a for a circular plate with clamped boundary, given by the first-order HAM iteration
approach for given central deflection a and the interpolation iterative method [51] for given external

uniform pressure ). Dashed line: —#; Solid line: ¢y given by (3—-121).

TR (3-122), (3-123) LA MWL RN y sK—IK SR IR'S:, A5
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15 At 1
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+ /y 2 > soz-(&f)wk_l_i(a)ds] , (3-125)
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XA AR (4-1) F (4-2) WOZAFAE = —56— S o = —0.1, 3%
L o =0, B =5 o =0.1,

T B FEe AL, FRATE A58 Mathematica T HI#7 4 Minimize K
RIRZE £ HE=AXIL 0 € [-0.12,-0.07], o € [-0.01,0.01], o € [0.07,0.12]
AR NME AL, DR R 0 = —0.00458721, o = —0.0012316452 , o =
0.09537517. FHIX =PRI ZHSE o, 551535 E M ZEEA (4-1) /Y
=R, BARGERINEK 4-1-4-3FR. SERE, i EAE IR EER IS E i
GERIY (4-1) FHE0 A BUE T SRR ME SRR [106]. SATAE RS AT JTIEHESE
PATE RS TE BRI IEAEIAE , RIPTARAASK HH A AR, IXIEIE T RS AT
T3 R 2 i 1) A ) A K o

10

H
%

Squared residual error ¢
=
)

10°

v15 L L 1 L L ]
10-0.12 -0.06 0 0.06 0.12

B a1 XFEEEEWE, Bam/MXAR, f=01, X=0.022, cg=—-1, E~c kA MY
%A,

Fig. 4—1 The squared residual error £ versus the multiple-solution-control parameter o for the elastic
beam with clamped/simply supported boundary, in the case of f = 0.1 and A = 0.022, given
by the HAM using ¢o = —1. Dashed line: tenth-order approximation; solid line: twelfth-order

approximation; dash-dotted line: fifteenth-order approximation.
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KAl RBEERBEWE Bm/MLAR f=01 X =0022 ¢ = -1, 0 =
—0.09458721, A& A R4 27 7 i R 69 5 — L

Table 4-1 Results for the elastic beam with clamped/simply supported boundary, in the case of
f =0.1and A = 0.022, given by the HAM using the convergence-control parameter co = —1 and

the multiple-solution-parameter o = —0.09458721.

n, order of approx. & w(l/2)
5 6.8 x 1073 -0.1003568
10 3.6 x 1076 -0.1004079
15 8.8 x 107 -0.1004085
20 1.8 x 1071 -0.1004086
25 1.5 x 1071 -0.1004086
30 6.4 x 10716 -0.1004086
K42 XK®EEES R, B#m/mILaRX, f =01, 0.022, ¢ = —1,

—0.0012316452, 4= A FAE2 M7 ik R b 89 5 = £
Table 4-2 Results for the elastic beam with clamped/simply supported boundary, in the case of
f=0.1and A = 0.022, given by the HAM using the convergence-control parameter co = —1 and

the multiple-solution-parameter o = —0.0012316452.

n, order of approx. & w(1/2)
6.0 x 1074 -0.001112
1.6 x 1075 -0.001092
9 4.5 x 1077 -0.001089
12 1.3 x 1078 -0.001088
15 4.5 x 10710 -0.001088
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A 43 RFEEREREME, Bim/fXAR, f=01, X=0.022, ¢g=—-1, o =0.09537517,

1R RS M7 T ik R 8 5 =

Table 4-3 Results for the elastic beam with clamped/simply supported boundary, in the case of

f=0.1and A = 0.022, given by the HAM using the convergence-control parameter ¢, = —1 and
the multiple-solution-parameter o = 0.09537517.
n, order of approx. & w(1/2)
5 6.7 x 1073 0.1018248
10 4.6 x 107 0.1018831
15 2.5 x 107 0.1018841
20 2.3 x 10711 0.1018842
25 6.5 x 10719 0.1018842
30 4.0 x 10716 0.1018842
4.2 T B 3T A
421 RRZMFERBLE
PR i i B S ) e RS (631 AOHE T RE
Nw(x)] = EIw" (z) — aF [w’(m)]2 w"(x) + EXw"(z) — f(z) =0, (4-19)
MR TR F o5 A
w(0) = w(L) = w"(0) = w"(L) = 0. (4-20)
KT 41177, FATEI N EHIP R T
(1= q)L[¥(z,q) — Yo(x)] = co ¢ N [¥(,q)], (4-21)
MR TB F 25 A
U(0,q) = ¥(1,q) = ¥"(0,q9) = ¥"(1,q) =0, (4-22)
LM N B (4-19) E Lo WIFHRH) & B2 TTRE N
Llg(z) = xr¥p-1(7)] = codp-1(2), (4-23)
HRN IR B 25 A
¥e(0) = ¥e(1) = ¥(0) = ¥(1) = 0, (4-24)
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B 4-2 B 5@/ R AR T 09 R4S 8w 2 2 48 v &,
Fig. 4-2 Solutions of the elastic beam with clamped/simply supported boundary, in the case of
f = 0.1 and A = 0.022. Dashed-dotted line: given by the HAM using 0 = —0.09458721;
solid line: given by the HAM using o = —0.0012316452; dashed line: given by the HAM using
o = 0.09537517.

IXH 5 (z) B (4-13) 5 Lo FRATDIAEL (4-14) HE LIZMEE T Lo BRitbz
AT IR ISR (4-20), FRATECN I AR A IR
Po(z) = %a(m —22° +2%). (4-25)

422 H#R

AN E, BATHER TN f(x) = 0.1, A= 0.0150 FFEAE, A4
HF I ey = —1o € ~ o WRARMEWME 4-3 i, FTLAKIL: B BRI
A4 12 R XL Q, Qo F Qg X TIURE TR (4-19) F (4-20) tHY
SR BT o = —0.11, £ & o =0, =&
c=0.11.

AT IR F] 455 FX A Mathematica ) Minimizefi %, &£ =Xk o €

. [,
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[—0.12,-0.09], ¢ € [-0.01,0.01] Fl ¢ € [0.09,0.12] H 5 T KA o 1H
N T H/NIRZE €), 1% o = —0.107466372011, o = —0.001526491604 ,
o = 0.109132498856. FR4—-4Z5H 7B —LMRIZEIR, FTLARIL, HHERE 0
RIFTAS 2R E ARG M5 R, I RJRIRZE € = cax oor°V o SRIMUNE4-4FTR,
OIS A7 AT R A TR B SR R SR 28 — SR AN S8 — S0 M, A1TCIEAS 208k i &5
Ko FiBsWE, EEGTTTEESRD, BT LUAEZ MRS58 o, 3107
AT LGB IE WS B 2880 co SRR BRI EL. FRATHE o 1 o FIITFE
JARMZEL, M Minimizefi @70 BIME o € [—0.12,—0.09] Ml o € [0.09,0.12]
W X R S € A/ IME, 53] ¢ = —0.752184, 0 = —0.107147 Fl ¢p =
—0.730866, 0 = 0.108758. FIFIZLEH, FIARTGULEN 28 — S A28 — <0,
ARG RN A-SFI4-6FT7R o

10° T I

._.
%

Squared residual error ¢
[
S)

10°

0.06 0.12

sl
lo-0.12 -0.06

a of

B 4-3 Fsmf L L RGRFEEBEWE, f=01, A=0.015, ¢co=—-1, E~c Wik FZ M
£HA,

Fig. 4-3 The squared residual error £ versus the multiple-solution-control parameter o for the elastic
beam with simply supported boundary, in the case of f = 0.1 and A = 0.015, given by the HAM
using ¢g = —1. Dashed line: fifth-order approximation; solid line: seventh-order approximation;

dash-dotted line: tenth-order approximation.
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K44 mmBEXARGREEBEREBE, f =01, X = 0015 ¢ = -1, 0 =
—0.001526491604, LA R4 777 & K i 49 % — 3,

Table 44 Results for the elastic beam with simply supported boundary, in the case of f = 0.1
and A = 0.015, given by the HAM using the convergence-control parameter co = —1 and the

multiple-solution-parameter o = —0.001526491604.

n, order of approx. & w(1/2)
2 9.3 x 107¢ -0.00154151
4 3.8 x 1078 -0.00154252
6 1.6 x 10710 -0.00154259
8 6.4 x 10713 -0.00154259
10 2.7 x 1071 -0.00154259

A A4S Hmm MBI ARG RZEAEGEREBE, f =

0.015, ¢ = —1,

—0.001526491604, A&JA R4 7 ik Kb 69 5% = LM,
Table 4-5 Results for the elastic beam with simply supported boundary, in the case of f = 0.1 and
A = 0.015, given by the HAM using the convergence-control parameter ¢o = —0.752184 and the

multiple-solution-parameter o = —0.107147.
n, order of approx. & w(1/2)
10 1.3 x1078 -0.11537807
20 4.8 x 1071 -0.11537786
30 1.3 x 10713 -0.11537789
40 2.8 x 10716 -0.11537789
50 3.8 x 1071 -0.11537789

43 B4

ARFE AR FENS M7 SR 7 — A 3R BE R RS 5
MR, S a2 @) 05 =500, B aoauR, Pk
W BUE T Te R AT A IR, H AT OO =8 7 B RE 2 RS WA 45 R 7
SR S AT TR 2R R FRAT 108 3 45 5 4k £ Mathematica HY Minimize 7y
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10°

10

10"k

Squared residual error ¢

10°}

10°F

y7 1 1 1
10 0 2 4 6 8 10

B 44 FamE R XBEEBREBE, f=01, A\=0.015, cg=—1, FRHHKH EH
LA, S o =0.109132498856 ; £ o = —0.107466372011.

Fig. 44 The squared residual error £ versus the order of approximation n for the elastic beam
with simply supported boundary, in the case of f = 0.1 and A = 0.015, given by the HAM using
co = —1. Dashed line: ¢ = —0.107466372011; solid line: ¢ = 0.109132498856.

A AT I AL S i S AR A A, BT el ASAR SR BT AT O o %0585
FEZ AT, IR AR T RS AT 5 50T 2 AR A A R
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KaommMEXARGRIEEEEBE, f =01, X = 0015 ¢ = —1, 0 =
—0.001526491604, A R4 775 & Rt 69 5% = 3,

Table 4-6 Results for the elastic beam with simply supported boundary, in the case of f = 0.1 and
A = 0.015, given by the HAM using the convergence-control parameter ¢, = —0.730866 and the

multiple-solution-parameter 0 = 0.108758.

n, order of approx. & w(1/2)
10 3.0x 1078 0.11698722
20 8.8 x 10710 0.11698663
30 8.1 x 10712 0.11698675
40 3.8 x 1071 0.11698674
50 2.3 x1071° 0.11698674
60 1.2 x 10718 0.11698674

— 81—






LHZGABRFAE PR S EF A R AT 7 R R AR e AL/ AR o) B RE AL S T A2

FRE NARMCIHTTERRE @B IER @2 fE
IR s WA

53] i) 2/ 0 88 1) L AT A 20 T R 2 2 AT < RS v R — D IR (R G
AT R AU, M BENU D T IR RS S R I ERES (WIS A&
AR HIAH E HPRAS LA 58 Hm vHRR A, i) 1) 24 BEAL A 5 5 R B R 20
WRHY (M FTRAERT) B AREE N 244 B B 4 g DT >R 35 Bl A 5 24 Jir A ok
Fo TRIIE, Anrrfes o SR fg s o) B/ 1 A48 1) B B AL AR o0 7 A B A B S B R S B
B o AN AR IE M BEN L JT R B S I o I s A ECH 4, (B[ BLEEAL
o TR J LA 2 B AT E . 32558 [107] AN I e i 3 22
WS R ZAERC: (1) IERFEVUR J7 RS A B BE AU T RR i a5 A A R
XA, PRI A ATTAR R DA IE [ B ATLAR 99 75 8 HE & 455 A8 HE 83 1) B AL Al o0 7 R ) T
o (2) MINRIERIAERAE, IR T 2 A 2 WA R A AE
A REALE AR, ST A 1A Y BE AL 50 5 2 DOV A2 QAT AE A FE AL T HI0 1 A5 Hh ik
I H AR

TR R B FEAL S T R R — RPN

dey = b(t, zy, ys, 20)dt + o (t, x4, Yy, 20) AW,
—dye = f(t, @,y z)dt — 2dW;, 0<t<T, (5-1)
Lo = 6 yr =&,
XE, W, & r 4T e € Fo; €€ Fr; b:Qx[0,T] x RT x R™ x
R™7" — RY; o : Q2 x [0,T] x RY x R™ x R™" — R £ Q x [0,T] x RY x
R™ x R™" — R™; 7, € RY; gy, € R™ Ml 2, € R ARERAE R fkHi ™ L
Feynman-Kac A3 [66, 711, JiFE (5-1) HIME (yi, 2) WELTTF R R

Yy = U(t, xt)a 2t = (vxuo-) (t7 xt)a (5_2)

X w(t, o) RN MWL) 7 RE A 22 S

o <~ ou 1< d%u
" Z:; b"(?_xi 3 2[‘70*]17 : + f(t @, u, Vyuo) =0, (5-3)

17.]



R RV AT R IR T Ao i LA R AL R

R M 5 25
u(T,z) = €. (5-4)
i e I S ISR K o G T 1 '8 W
[ dzy = b(t,0,)dt + o(t,0,)d W,
—dy, = f(t,0,)dt — zdW,,
dzy = Adt +TdW,, 0<t<T,

(5-5)

\ xO = 67 yT = 57

XHE: 0, = (24, Y1, 20, A, Ty) € R™ x R x R? x 8¢ NEERAL ;5 (Q, F, P) &
—AGEERBER AR Wy 2 d BT ST AR d x d SIEFESE;
b: QOX[0,T]xR"xRxRIxS? — R™; 0 : QOx [0, T]xR™"xRxRIx S — R™*4;
fOx[0,T] x R™ x R x R* x S — Ro fERLEBERTIE T [74, 751, HRA
(5-5) HIfiE Yt» 21, Ar, T't) WELIT KRR

Yo = u(t, 1), z = (Vpuo) (t, 2),
. (5-6)
rfqvgvﬂwpﬂu@)J@Z(qvwﬁ>@@¢
X LA RS T
L= g—f + V.o(t, 2)b(t,x) + %tr (a(t, x)o*(t, x)Viqb) , (5-7)

V2¢ A Hessian HiF5 [77], Bl: Vop = (05,0, , 0, ¢)o

AREE FRATSER FH RS A J7 2 3R M —PpAS [R] 2 28 1 3] 1) B Bl AT LG 29 7 #2
(BSDE), AJa BRI FENS AT 750 sk A (1 4w 4e) =] 1) 24 B LA 50
JiFE (FBSDE) 1 W iEf&mABEH 7772 (2FBSDE), LA SR I [R5
M7 306 F3% [P A R RO 4 Al 1 K38 7

51 REBEEIMEREIMS7TE

M7 (5-1)-(5-4), WRILATLE 2 NIREMRIZEE) (B1 b = 0, 0 = 1),
)-S5 8 1) 2R B A LB 20 7 RE A SR BRI A3 20 T R Ay

d
1 2
Ou IO V) =0, 0<t<T, (5-8)
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i P A 54
u(T,z) =&, (5-9)

XL d FoRYEE . FLEN M RIBEH O TR R R a0 T R R

Yy = U(t, Wt), 2t = va/(t, Wt) (5—10)

511 —#EEERBIIMSTE
X, BN R B R T EEL G TR (g, W, 200 —4)

—dy, = (—y} +2.5y7 — 1.5y,)dt — zdW,, 0<t<T,
exp(Wr +1T) (5-11)

ur = exp(Wr+T)+1’
Hors RN
_ eXp(Wt + t) 5 — eXP(Wt + t) (5_12)
T oexp(Wy 1) + 17 " (exp(W, 4+ 1) +1)2

AR, AT T =1 HT Wy =0 (MG ZITCHEALTH0) , ArLARIgG
I ZIPAE AR A . yo = 1/2, 20 = 1/40 BRI (5-8)-(5-10), FHN ARG5S
ou 10%°u 4 5, 3

E+§@—u +§u—§u:0, 0<t<l, (5-13)
i i A 54
em—l—l
FATTIAAR
ex—l—l
mee(,1), H
g=ult0),  m=o -2t (5-16)
00
TR (5-13) Fl (5-14) #&40H
I R RPN SR 9 R LG
Nu] = 5 T 2(1 0)(1 29)80 + 29 (1-10) 557 U
5, 3
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M S
ult,0)] =6, (5-18)
HAGHHAE "
(&

XH N FBAE—DEHELIEE 7o BT oR, ATE R RS 94 77 36 77 72
(5-17) Al (5-18) FAT3R M
BTt e[0,1] A—MARRXI, FRANTRECGHREUEZEmE, R

+00
u(t,0) =Y an(0) - ", (5-20)
m=0

K 0, (6) HERAR
I oo(t, ) % R R B u(,0) 0V A BUAR, L6 A2 30 R 46
(5-18); LA DHBIRZIERE 7, W2 L£]0] = 0; co N—DARHMFEEL, AT
B2 UHEHIZH s g e (0.1 B, TR T — 2

It
(1 )L|2(t.6.0) — ot 9)] g N[@(t, 0 q>] | (5-21)

i P A5 4
d(t,0,q)

=0, (5-22)

t=1
R AR T N B (5-17) XL, ®(t,0,q) M AEREREEL u(t, ).
Lg=0M0, B L] =0mTH, HFE (S5-21)F (5-22) FHfiE

q=1H0, &
O(L,0,1) = u(t,0). (5-24)

MR (5-21) FT (5-22) SN T IRIE T (5-17) F1 (5-18) AL, LA & ¢
MO IRBHEKZE 1, O, 0, q) K NLAERIRILETEIRE po(t, 0) LA ELER R
Bou(t,0), RILBRATFRTRE (5-21) fl (5-22) MEH 2.



L EHERBREFMEFERGE LT 5 RS AT T ik R v AL/ E A8 &) B LG & T A2

FIH (5-23), ®(t,0,q) AT BIF AT 22 7o 57 MR L

+o0
O(t,0,9) =Y pmlt,0)-q", (5-25)
m=0
% L
on(t,0) = Do | @(t,6,9)], (5-26)
a 1 omf
Dylf] = miogn| (5-27)

HHE VR, R RSCE AR AR . (B TERS 2 7 IEE SR
ﬁﬂﬁﬁﬁ%ﬁELW%&ﬁ¥£ﬁ#@MW%fﬁ%ﬁ%,”%ﬁM%ﬁ
7 B B T ORI A B o FRATT SR R B A B e B
T L AEHER SR RIS EL o, HISFHEL (5-25) 1F ¢ = 1 LIRS M A
(5-24) AIHN,  [AAGITACLAR

“+o0o
=3 pult.0). (5-28)
m=0

BRI (5-25) AR ZEM LA TR (5-21) f1 (5-22) 1, HS AL
Wil gm ZREOHSE ) A5 m MR AR T R

L [Spm - Xm(mel] =0 6m71(t7 0), (5—29)
WM IR F S5 A
onlt,0)]_ =0, (5-30)
Hr,

5.0 = D Nio.0.01 )

Opn , 1 d¢n 2 2 0%
= —6(1—-6)(1—-2 1— Zrn
5 T30l —0)(1-20)—rF o8 + 9 (1-6)°—7
o ZZ@@SOJ(Pn i—j +35 Z@z%pn i~ 5%Pn, (5—31)
=0 7=0
H
0, m<1,
Xm = { (5-32)
1, m>1.



B RS AT 7k R I T ) Ao 2 R b KL S

XE D, B (5-27) 3 X F, N1 EBAEM (5-18), FRATIEIR
wo(t,0) =0 (5-33)

VEON w(t,0) BORIRAE TNAG , FFaelicn N Bh et 58

_ %
ERE, m WWRTTRA &, B — R att, iz

AME—fF e m PR ATy

(5-34)

¢
Om(t,0) = Xm pm—1(t,0) + co / Om—1(2,0)dz, (5-35)
1
FREREEEC u(t, 0) B M BrRMEZEUE
M
@M(ta 9) = Z @m(tv 0)7 (5_36)
m=0

FORH @ar(t,0), MHERIMIIRTE yo, 20 HIATFGE)

8S5M(0a9)]

Jo=¢u(0,0) 20:[9(1—9) L

_e+1

__ e
0_e+1

HITFIZ I BRI CAT, DRI BT E SCnTT R ROR 2 R HE A RIS 208
f SRS TR Rl R IR 22

/ / )] dadt. (5-37)

BRULZ ST, FERSHRMEARRI DL T, BTl E LA~ 4R 22

/ / det (5-38)

XEAREME T N B (5-17) L. B, €5 &M, MR R H 19 FE g
KU RS 1 o

W E ~ co MEBMES-1FTR. FTLAERIAES ¢ € [~1.4,-04], BRE
£ ¥4 W A5 W A0 3 0T ek b, R T R A RS G U S XN ¢ €
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1.4, —0.4], (BRI FIBE o (HVE/NIIRE €) 76 —1 M. UL,
WEERI, AT co = —1o HIRAIFIEILR S

[ 51(t,6) = t0 + 6% — t6%;
~ 1 12 12 2 322 3 3 2n3
@2(t,9):§0+—t 9—59 + 2t6 —§t«9 +0° — 2t0° + t°60°;

2
1 1 1 2 3 7

Pa(t.0) = =0 + =10 + =130 + =6> — =th* + 2620 — —t36? (5-39)
@3(t,0) S0+ 50+ 0+ 3 5107+ 5

— 0% + 4t6° — 5120 + 26303 + 0* — 3t6* + 336 — t36*;

10

10°

10°
«
10"k
10—15
20 [ 1 [ 1
10 -2 15 -1 0.5
C0

B 51 —fE @B MMMy T, E~co WERBE, ERE 15 NRELM ; BLX 10 R
WML E D15 B R4S AL,
Fig. 5-1 The squared residual error versus ¢ of Eq. (5-21). Dash-dotted line: Sth-order approxi-

mation; Dashed line: 10th-order approximation; Solid line: 15th-order approximation.
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%Z%,@y%ﬁmﬁ—00%05omﬁ%ﬁ%ﬁﬁﬁﬁﬁmﬁ,ﬂuﬁ%
[EEHE G SRR AR o XL UESE T RS AT 7 % T ) 2R B A LAk
TR A RE .

F 5-1 — BB IR S T HE, RS A RAERR N RB LR,
Table 5-1 The squared residual error, the used CPU time (second) and the relative error between the

homotopy approximations gy, Zo and the exact solutions g, 29 of Eq. (5—11), respectively. Here,

m denotes the order of approximation.

m E Yo — Yo Zo — 2o time (s)
3 1x1076 —5x 1073 —8x 107 0.1
8 x 10710 8 x 107° 2% 107* 0.2
5x 10713 3 x 1077 —1x107° 0.4
12 4 x 10716 —8x 1078 5x 1077 1.0
15 6 x 10719 3x107° —8x 107 2.2

512 %A 24y MEEEENLMSHE
AN, BAVHB—AAHAH 2 4k y, KBRS REARS TR
i) (B = 60, 6.1 ()
(o) = i [y iy = G
)

yt sin(Wr + T
=1 @~
\

Y7 cos (Wr + T)
(5—40)
Hors v
y sin (W, + 1) P cos (W, + 1)
— @] A= o T . (5-41)
n cos (W; + 1) 2 —sin (W, + )

TERIA 2], A yo = [y, ylP]* = [0,1]%, 20 = [V, 282 = [1,0%- FFES, A
xe— &@,ﬁﬂéTzloﬁﬁAﬁﬁﬁﬂymLﬁfmﬁﬁﬁﬁﬁﬁ

ouy  10%u 1
Niu, ua] = 6’_131 + B 8x21 + (§u1 - uz) (u% + ug) =0,

ou 10%u 1
Aﬂmwﬂ=55+§m;+<m+§m)Oﬁ+@)=&

(5-42)
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B 52 — gl e RIS 7 A2, IRt =0,0.25,0.5,0.75 B 69 R4S R AT AF, A
EUEZ Tt =0 WO RS EMM  F& Tt =0.25 MRS LM [ EEX Dt = 0.5 A
FIAS AR R (t =075 ORI EMA , EFH [t =00 #HmB, L=4A%
t=0.25 BAGHAAM L B 1t =05 HEHAM L X 1t =0.75 B,

Fig. 5-2 Comparison between the homotopy approximations and the exact solution u of Egs. (5-17)
and (5-18) when t = 0,0.25,0.5,0.75. Dash-double-dotted line: homotopy approximation at ¢t =
0; Solid line: homotopy approximation at ¢ = 0.25; Dashed-dotted line: homotopy approximation
at t = 0.5; Dashed line: homotopy approximation at £ = 0.75. Square: exact solution at ¢ = 0;
Triangle up: exact solution at ¢ = 0.25; Circle: exact solution at ¢ = 0.5; Diamond: exact solution
att = 0.75.

M S

ui(1,z) = sin(z + 1), us(l,z) = cos(x + 1), (5-43)
HRswke N

uy(t, z) = sin(x + t), us(t, ) = cos(x +1). (5-44)

XE R BT N NG B (5-42) 2E Lo
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R RV AT R IR T Ao i LA R AL R

FEFME AT T RAESR T, BT T AT

0
(1= )5 [0(t,2.0) = olt,2)] = co g N [@(t,2,0), Z(t,2,)]
(1= a) 2[00, 2,0) = So(t, )] = co g NS [ (1, ,0), 500, 2,)],
AR S
O(t,w,q)| _ =sin(w+1),  E(tw,q)| = cos(z+1),

t=1

X H oo T So 73BN uy T uy BIRIIESE MIRE . AR,

O(t,x, 1) = uy(t, x), E(t,x, 1) = uo(t, ).

(5-45)

(5-46)

(5-47)

Ft, Bk AL g N0 ESANE 1B, O(t,x,q) N E R IG5 W fiE
wolt, z) LA BRERRE wy (¢, 2), Z2(t, 2, q) M So(t, ) IELAMLE us(t, )0

FIFER, AT ©(t, 2, q) T E(t, z, q) BIFHERT ¢ HIFRHEL

+o0 +oo
O(t,z,q) = Z Oom(t,x)- ¢, ZE(t,z,q) = Z Sm(t,x)-q™.
m=0 m=0

(5-48)

HH (5-48) AR HE (5-45) Fl (5-46) F, RGib HFEAGE WL ¢ REH

%, AfRRHIEAETIE

<<Pm - XmSOm—l) = Co 51,m—1,

<Sm - XmSm—1> = ¢y O2,m—1,

STRSRSISE

M SRS

=0,

t=1

m(l,
pmltz)]

—9__

(5-49)

(5-50)

(5-51)
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=

Sty ) = Dn< 1[<I>(t,x,q)75(t,x,Q)D

ooy, 182<pn
8t 2 0x2

T jii ( i — ) (wgwn i—j + 85— zj) (5-52)
i=0 j=

unlti) = ¥(t.2,0),Z(0.2.9)]
B n 1 825
N 2 0x2
n—i 1
+ Z <<Pi + ész) (%‘@n—z‘—j + San—i—j>a (5-53)

=0 7=0

KT R T (5-43), FRATTEIANT BRI 06 45 T A
wo(t, z) = sin(x + 1), So(t,z) = cos(xz + 1). (5-54)
M= AR HFE (5-49) - (5-51) HimfEHA

52777, 1 t .1] (5—56)

Om(t,x) = Xm @m-1(t, ) +Co/ d1m-1(t,z)d (5-55)
Sm(t,l’) = Xm m— 1tl’ +CO/

%%U}Eﬁ SO()(t, 33') s S()(t, Q?) {Z‘\Zﬁ\ﬁ%ﬁ (Pl(t, 1’) , Sl(t, 217) N 902(15, Q?) y Sg(t, CC) y ottt }E,
uy (t, ) T ug(t, z) BT M B [EE I U

M M
@M(twr) - Z(pm(tvm)v SM(tax) = Zsm(t>x)7 (5_57)
m=0 m=0
MR Z t =0 B, A

gl = @M(O,ZE) :07 SM(va) :D7

- _ 9oum(0,2) 05y (0, )

1= ——F3 5 2 )
Ox =0 Ox =0




R RV AT R IR T Ao i LA R AL R

[FIREH, FATE A PR 22
E= /OT/_+<>0 [(@M — u1>2 + (S*M —u2>2] dadt,
- /OT /_:o {(N}[cﬁM,SM})Q ; (N2[¢M,§M])2}dxdt.

W TR, RSP RIISUEN ¢ € [—1.3,-0.4], H&ILH ¢¢ T &
INITERZE E) TIRAE —1 i TR, FRATIEE o = —1, AHRZAFRSITEUE N

;

(5-58)

o1(t,x) = (t — 1) cos(1 + x) + sin(1 + z);
Si(t,x) = (1 —t)sin(1 + x) + cos(1 + z);
Pa(t,x) = (t — 1) cos(1 + x) — %(zﬁ2 — 2t — 1) sin(1 + x);

Sy(ta) = (1 — ) sin(1 4+ 2) — %(tZ 9% — 1) cos(1 + 2):
Gs(t, ) = —%(t?’ — 3t — 3t +5)cos(1 + ) — %(ﬁ — 2t — 1)sin(1 + 2);

- 1 1
Ss(t,x) = 6(753 — 3t* — 3t +5)sin(1 + z) — §(t2 — 2t — 1) cos(1 + x);

TS5 25 H T FME AT T AR R B 94551, AT AR IR IRME RAUR S
W AR 25T 6.9s, WiFEE 1020 g, ML, RS Bt Fi%
AN BN TR (2 4E y,) RIRA R ES-3HH T + = 0,0.25,0.5,0.75
I R A SRS R, T LAR IRRS AU S AE i W) & U o

513 TE2HEHATENAERERENRS FE
AN, FRATFE REUN R A 2 4EAT BHAS ] A B BE R T R

1 1
{ _dy - (y i 529) at — AW —Paw® o< <T,

(5-59)
yr = sin (W}” + w4 T> ,
HRE RN
Yy = sin <Wt(1) + Wt(z) + t) :
zt(l) = Cos (Wt(l) + Wt@) +t (5-60)
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R52HA 2%y, MBS E EMA S S, A RS F EERRRREFE LR,
Table 5-2 The squared residual error, the used CPU time (second) and the relative error between
the homotopy approximations %, y2 and the exact solutions yél), y((f) of Eq. (5—40), respectively.

Here, m denotes the order of approximation.

m 3 U1 — yc()l) Yo — y(()Q) time (s)
4 8 x 107 6 x 1073 —6 x 1073 0.2
8 6 x 10713 2 x 1076 —2x 107 0.7
12 2 x 1072 1x 10710 —1x 10710 1.7
16 5 x 10731 2x 1071 —2x 1071 3.5
20 2 x 1074 1x 10720 —2x 1072 6.9

(@ (b)

B 5-3 K 2 4%y, 9 G R AL S F R, It =0,0.25,05,0.75 i 6 RSB EM L
A, WEERE Dt =0 WO REEMM ; KXt =025 MR EMB ;) BEK !
t =005 B8 REEEMM B 1t =075 M REMM  EFH 1t =0 MK
EEZAM =025 WA B D= 0.5 B8R X L= 0.75 B AL,
Fig. 5-3 Comparison between the homotopy approximations and the exact solutions u; (left), us
(right) of Egs. (5—42) and (5-43), respectively, at ¢ = 0,0.25,0.5,0.75. Dash-double-dotted line:
homotopy approximations at ¢ = 0; Solid line: homotopy approximations at ¢ = 0.25; Dashed-
dotted line: homotopy approximations at ¢ = 0.5; Dashed line: homotopy approximations at ¢t =
0.75. Square: the exact solution at £ = 0; Triangle up: the exact solution at ¢ = 0.25; Circle: the

exact solution at ¢t = 0.5; Diamond: the exact solution at ¢ = 0.75.
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TEVIEITZL, REIRA : yo = 0, 287 = 1, 28 = 1o RR—HE, ®O1S T = 1o

[EFEHLAE TR (5-8)-(5-10), TIPS AR T AN

N[u]—@+l@+182_u+u la_u_lﬁ =0
T 0t T 2022 T 2042 201, 201,

HRM G 551k
u(l, xy, xe) = sin(zy + x2 + 1).
REARNES T N; H (5-61) 230
FATEI N EH IR TR

0
(1 - Q) a (I)(t,l'l,l‘g,Q) - SOO(tvxl?'T?)] = 0o C]/VE% |:¢(tax17$27Q) )

i i RS54
(¢, xl,xg,q)t:

= SiIl(Il + i) =+ ].)
1

X oo 4 ult, my, zo) BIRIEESEIIRE, H o WEIAZM (5-62).
SHTP/NTTZAL, w(t, 2y, 20) 9 M B RSN

m(t,x1, 22) j£:<pnzt x1, T2),
om HITT EHEAR TR H

0
a. (me - Xm@m—l) = 0o 53,m—17

ot
H IR G A
Som(liwxla 1'2) 1 = 07
Hrp,

d3.(t, 21, 22) = Dy, (/\/‘3 [(I)(t, T, T2, CZ)})

 Opr 1 [(PPpr | Py Do Opg
= o 32 ( 02 Tz ) T T 2\ o T om )

TR (5-62), FRATTIEIAN N R0 ha 4 W
wolt, x1,m2) = sin(zy + 29 + 1).
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(5-61)

(5-62)

(5-63)

(5-64)

(5-65)

(5-66)

(5-67)

(5-68)

(5-69)
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E =Rl pleck
t
Om(t, 21, 22) = XmPm—1(t, T1,22) + co / d3,m—1(2, 1, 22)dz, (5-70)
1
XA TR AT ] ¢ B —ak, BIRT SR JRA B m o) TR (5-61) F

(5-62) HIZR FME LR SR M BrRMEE U2 )R, #Iiai 21 FE T
LM R AT 75 21

B 5 ~(1) 8¢M(07 xy, O) =(2) 6@]\4(0, O’ {1')2)
— 3(0,0,0 =T =5 | _-
Yo @M( y YUy )a 20 al'l xl:@’ %0 8{13'2 z2=0
FIEEIRTRE, A
RN el

RIS, BATE LA M RE

5 T +oo “+o00
E = / / / [(@M — u)Z]dxldedt,
0 —0o0 —00
T +oo “+o0 2
£ :/ / / {./\/’5[95]\4(@1’1,332)]} dﬂfldl‘gdt.
0 —00 —00

IR, FCREUESOEN ¢ € [-1.3,-04], HEAAT ¢ (KRE
TH/NIRE ) (£ -1 I, IEFERATIER ¢o = —1. FHEATFRISITUE N

(5-72)

([ G1(t,x) = (t — 1) cos(1 + x1 + x2) + sin(1 + 21 + 22);
1
Po(t,x) = (t —1)cos(l 4+ x1 + 22) — 5(152 — 2t — 1) sin(1 4+ 1 + 22);

1
@@wy:—éﬁ—Sﬂ—&+5nmu+xﬁn@

1
—§a?—%—1nmu+xy+@%

\

FTSBEH T R T T IEAE R R B i g 5%, rT AL IR 0.5s, [FE
WHR SRR IR IRZE 8% 22 107 1. R, BEUE M 7 iEXT T A 2
AEA B I 3l B8 [ B EAL 0 T AR SR A 2. IS4 T ¢ = 0,0.25,0.5,0.75
I RE B SR, T AR IR RE AR SAE BRI SR IT -
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K 53w R 2 Y BB S 6B e A AR o AR, AR RIS AT 7 B AR R B I BT A B 69
xR,

Table 5-3 The squared residual error, used CPU time (second) and the relative error between the

homotopy approximations g, Zél) and the exact solutions o, z(()l) of Eq. (5-59), respectively. Here,

m denotes the order of approximation.

m £ Y1 — y(()l) Yo — y((]Q) time (s)
4 4 %1076 6 x 1073 —6 x 1073 0.06
8 3 x 10713 2 x 1076 —2x 107 0.12
12 8 x 1022 1x 1071 —1x 1071 0.23
16 2 x 10731 2x 1071 —2x 1071 0.36
20 1x 1074 —4 x 10717 7 x 10717 0.50

52 KRBEFMEBREIRMSTIE

AT, PATTRER A RIE 20 5 356 SR A = A [F) 2 R R 181 1) B BB AL 7
Fe, Hrp s —4en EE R T RE, —4ERY 2 B i R B EE R 7
REAT 2 A A8 [ T BT L T e

521 —#IERIEBREIMSTTE
HAI R A B IR R AL EE L R

dx; =y sin(t + x)dt + y, cos(t + x,)dWy,

1
—dy, = Eyfzt —cos(t+x)(y; +1) | dt —zdW,, 0<t<T, (5-73)

| 0= %, yr = sin(T" + x7),
HXE RN
Yy = sin(t + ), 2z = cos?(t + x,) sin(t + x). (5-74)
FER IR 2]
Yo = sin (7g) 2z = cos” () sin (zg) .
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B 5-4 WA 2 %A BiE s 698l @ B R AL o A2, PRt = 0,0.25,0.5,0.75 B89 F 48 24
MR, WERE t =0 RGEMM  F& =025 M RAGEMM , SE
%1t =05 e R B Dt = 0.75 BT A FUE MR EF B [t = 0 B 694 A
fR E=AE =025 WA B Dt =05 AR XH Dt =0.75 W4
B o

Fig. 5-4 Comparison between the homotopy approximation and the exact solution u of Egs. (5-61)
and (5-62), when z; = x5 = z,t = 0,0.25,0.5,0.75. Dash-double-dotted line: homotopy
approximation at ¢ = 0; Solid line: homotopy approximation at ¢ = 0.25; Dashed-dotted line:
homotopy approximation at ¢ = 0.5; Dashed line: homotopy approximation at ¢ = 0.75. Square:
exact solution at ¢ = 0; Triangle up: exact solution at t = 0.25; Circle: exact solution at ¢t = 0.5;

Diamond: exact solution at ¢ = 0.75.

FATFARES T =1, WIEAR 5-1)-(5-4), FI15H N W TR

ou _ ou 1 ,O'u 1 ,0%u
o + sin(t + :U)u% + 1 cos(2t + 2z)u 92 + 14 92
+ %cos(t + :U)u?’% —cos(t +x)(u* +1) =0, (5-75)
T I B 25 F
u(t,z)| =sin(1+ x), (5-76)
t=1
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HHRGWAEN v = sin(t + z)o
BT =/NANR, AT FH A TR

0
(1 - q)& |:(I><t7 Z, q) - 900(757 37)i| =Cp g N4 [q)(tv x, Q)> Q] ) (5_77)
i D A5 4

o(t, q)( = sin(q + @), (5-78)

Hr oo A ult,z) RIEE IR, H

N4¢wxﬂ%4

0% 0o 1 P01 ,0°®
= 5 + sin(tq + :c)ua— +1 cos(2tq + 2x)P 527 + —(I) )
1 o
+ 5 cos(tq + z)®? g_w — cos(tq + z)(®* + 1). (5-79)

N T R RO AR R w(t, v), FAEX B sin(tq + x), cos(tq+ )
il cos(2tq + 22) 73 AIHUR T JEITFEH Y sin(t + 2), cos(t +x) , cos(2t + 2x),
WAL, FEE A R RIS I 67 cos(t + 2) A 7 sin(t + o) T, X5
Fe i TET R Mk JRNHES .. SRR, @adits, AT
Wi (5-78) HHY sin(1 + ) 220K sin(q + x), UNSOHE SR ASE T XA,
AT EA g LRI AR FEIEZ T (5-77) - (5-79).

FATFRE O(t, 2, q) B R T4 ¢ HIZZ 50 o5 PREREL

d(t, z,q) Z om(t, z)q (5-80)

ERBEANETIR TR, , HXTTRE (5-77) , (5-78) ZiAa Pl [A] IS X
g Km B, HLq=0, ARTTREAAWAFRFERL m!, AIS&EHEETE

B
= (m = XmPm1) = o B, (5-81)
R 3D F 454
1 mm
@Wxt,x)tzl::ggisnl(x-+-7§-> (5-82)
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XH,
54,n<t7x) == Dn( 4|:(I)<t7x7Q)7Q:|)
. (9g0n 17 j’/T agoi,j
= 5 —I—ZZ]!sm(az—l— 2)9071_Z B

agpk—p

tP T
+ ‘ Z . 2l cos (37 + 7) Pn—iPi—jPj—k O

p
J
(2t)F km ;i
+ ZZZ K cos | 2x + 5 On—iPi—j 922

— —cos( +n_7r)' (5-83)
Vs I T AR 5 A ) E AN

¢
Om(t, ) = Xm Em-1(t, ) + co/ Oam—1(t, z)dt + Ay, (). (5-84)
0

AT W EID T (5-78), FRATERAN NI LA
wo(t, z) = sin(x). (5-85)
PURIGRE o1(t, 7)), @olt, ), -+ J7, A1 u(t,x) B M RS
Pult,r) = pmlt @), (5-86)

TERIGRIZ], A

. _ 09
7o = @m0, ), Zo = {cos(:c)goM gf}

t=0, z=x9

BS-SZEH T € ~ o MiZk, FTLUKEL, XSTFZEE, FEHERIIESUERR
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AN, HE R co = =10 IRIBLERATTIEI ¢ = —1, SRAJRTSEIAR LAY RIS 20

.

¢1(t, x) = sin(x) + t cos(x);

o(t, x) = sin(x) + ¢ cos(x) — %tQ sin(z): 5
(5-87)

1 1
@3(t, x) = sin(x) + tcos(z) — 5152 sin(z) — gt?’ cos(x);

10

10°

10°

10 1 L
10 -2 -1.5 -1 -0.5

B 5-5 BB QRN T, £~y WM, BRE D ZHRAEM B D ZHRAE
(/SN S M I (O Ti /N
Fig. 5-5 The squared residual error versus ¢, of Eq. (5-77). Dash-dotted line: 3th-order approxi-

mation; Dashed line: Sth-order approximation; Solid line: 7th-order approximation.

AKERBLFEE AN Gar(t, x) EBR EARETAR w(t, 2) = sin(x +¢) X ¢ 1)—
2T RERIT (PEARIER 3 R 5~B) , BRI

Mo, .
Gult.a) =" % sin <:c + %w> . (5-88)
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ARG T B9 FE BRI T T FE RS B . 385445 1 T (e A
TTEAERFE B SR, W EUREL: W6 R 21 B R4S 20U -5 0 il A 56 4 1
[, EHAUTE 1.8s, 2JRIRZE € BIFEE 9 x 1072 KL, [FST J5 0T 4
[ T BRGS0 7 REAKIRAT AL o

& 5-4 B @B ML T A2, IR BT 7 kA R B D AR A7 2 69 25 R

Table 5—4 The squared residual error, used CPU time (second) and the relative error between the

homotopy approximations g, 2(()1) and the exact solutions ¥y, zél) of Eq. (5-59), respectively. Here,

m denotes the order of approximation.

m E Yo — Yo Zo — 2o CPU time (s)
4 4x10°¢ 0 0 0.02
3 x 10713 0 0 0.11
12 7 x 10722 0 0 0.33
16 2 x 1073¢ 0 0 0.78
20 9 x 10742 0 0 1.81

522 2KMIERIEERENHSTTIE

AT, FATHERIT A 2 W A AL R s o) 5 fE

[ dz, = sin(t + 2,)dt + cos(t + 2,)dW,,
—dy, = | —cos(t + x;)z — cos(t + x,)(y? +y,) — % dt — z,dW,,
dz, = A,dt + T,dW,, 0<t<T,
| 0= %, yr = sin(T" + z7),
HoRs e
[y = sin(t + z,), 2z = cos?(t + x),
[, = —2sin(t + x;) cos®(t + ),
| A; = —sin(2t + 22,) [1 + sin(t + z;)] — cos(2t + 22;) cos(t + ;).
HEIERZ t =0, H
Yo = sin (zg) 2 = cos® (), [y = —2sin(xg) cos?(z),
Ay = —sin(2xg) [1 + sin(zg)] — cos(2x0) cos?(z).
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B SGR K F A AL S

AR—E, A1 T =1, HAK (5-5)-(5-7), RSN AW 75 1

ou 1 9*u 2
o +3 [1 4 cos(2t + 27)] aE cos(t + x)(u® + u)

+ |sin(t+2z)+ ésin(% +2z) — %cos(% +2z) — % g—z =0, (5-91)
Fe i 5 25 F
u(t, x) = sin(1 + x). (5-92)
t=
5521, FA TSI N F G R TR
(1= a) o [0(t.0.0) ~ wolt.0)] =g N[0t m0)0] 599
qat y Ly (g woll, = Co q V5 y2y4q),4q
FIR IR Ao
o(t,z,q) (tzl — sin(q + ), (5-94)

Hr,

NS [q)(ta T, Q>7 Q:|
o0 1 0*® >
= +3 [1+ cos(2tq + 27)] 20 cos(tqg + x)(®° + @)

. L. 1
+ |sin(tqg+z) + 3 sin(2tq + 2x) — 5 cos(2tq + 2x)

_ L)oo

5| B2 (5-95)

XN T JRIG TR (5-91)0 TERER, MEHFEFEN T ORUE RS ZRE il R0k D9 7 b
U, FATH cos(tq + z) , sin(tq + x) 7 AU T G T HH] cos(t + ),
sin(t + ) o

H5ZMICATIR (5-93) - (5-95) MXTM @B AR TN

= (om = Xm-1) = o . (5-96)
TR AL

Om(t, )

. mm

1
M—mM@*Tf
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XH,

S5 = Dn( 5[<1>(t,x,q),qD

(2t)" 1 i\ | Opn—i
+ 2 FEE sin [ 22 + 5 )73 cos | 2z + 5 o7
D et s
_ —' COS (iL‘ —+ ?> gpngn,i,j, (5—98)
i=0 j=0 v

T URIBEEL 0o — sin(x) 16N u(t, ) SOREATFIIR, @AY
om(t,) = Xom P (t7) + o / s (£, 2)dt + B (), (5-99)
0

BIAPRE M B FEIEAUAE Gar, RIATARE] ¢ = 0 BP9,

( ~ ~ ~ a ~
= pu.a) = s 2]
t=0, z=x9
- 0 s
 Ty= {cos(w) pe [cos(x) e } } . (5-100)

)
t=0, z=x0

N FIRCEY
\ Ay = {E {cos(a:) e }}
XL, ST Lo (5-7) L.
55217, AT AEIERIZ AL co KIHN -1, Bl = -1,
AR FEMS I LM
( @1(t, ) = sin(z) + t cos(z);
Po(t,x) = sin(x) + tcos(z) — th sin(z);
: . (5-101)
@3(t, x) = sin(x) + tcos(z) — §t2 sin(z) — 6753 cos();
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AME R I FE RAELR Gur(t, x) PRI RAG TG w(t, v) = sin(x + ¢) KT HTE ¢ /Y
— M EHMEEURIT (TSR BAIE) o WAL, 3R 5545 T MBI Ll
TEWIART 2N S, ATRAR BRI o, 20, To A1 Ay SRR yo, 20, To, Ao
SEAME. T HALTT 0.28s, =7 £ WIFEZE 7 x 10720, L, RS 58t
T2 By I8 [ B BEAL L T R A RN

& 5-52 BrEAEl e B AL 9 T A2, AR FIAE 9 4T 77 ik A R R I RO AT B 69 28 R
Table 5-5 The squared residual error, the used CPU time (second) and the relative error between
the homotopy approximations %y, Zo, fo, flo and the exact solutions ¥, 2, I'g, Ag of Eq. (5-89),

respectively. Here, m denotes the order of approximation.

m E gg — Yo 20 — 20 fo — FO 1210 — AO time (S)
1x10™* 0 0 0 0 0.05
2x 1077 0 0 0 0 0.08
12 3x10715 0 0 0 0 0.13
16 8x 10722 0 0 0 0 0.19
20 7x107% 0 0 0 0 0.28

523 BHEREEBEIMIFE

ARFIJEAT, KT e, UETT R BRI R . A
e i T ARG, ISR = 2 1 [ B RE A U T R e — B AT+
FH AR e AT AR SR A AT T3 5 5R A d R Lk I 48] 1Ry B i
UL TR, R$E7R [ 2 M 5 500 T e L ) [ R B AUt o0 R O A 8 AT
R o

FATZ ST — P AE R & B9 LA R R EE A U 7 R

8u
o5+ —% j{: o2 a 2 f=0, (5-102)
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oSG B R R 9T 7 ik R A @) BR8] ) B AL 4 T AR

XH
1 2
( bz = E ZT; f:_m
—— 3 e+
\
LA

Kﬁiﬁﬂill\i, %E‘i/ﬂ‘jﬂ:l T = ]., Zo,; = 1,

(5-103)

1
O-i,i:ae_mla Z:1727 '7d7
1 d d
_og2
ﬁy—ﬁ @:+62» I @+
=1 k=1
k#1
1 d d d
Sy [T
i=1 j=1 k=1
JF#FL k#i
L k#J .

k=1
k#3
d d
2
j=1 k=1
| k%

i=1,2,

21'15’2‘ -
2o II (zex+0).

k=1
ki

,do WIRIGE T 2] HIAS B (E N



B R R M7k KR T e e iR M bR AR

RAREAK (5-1)-(5-4), AT A RR5 T

Nofu] = Z( -t O >+dﬂ—§2 2 Z T o0

o e
i kg |
1 & d
—m 2 (@ e ™) I @+ t)| =0, (5-104)
=1 k=1
k#i
FF IR G A S
1< d
ut,x)| =2 e [ @+, (5-105)
=1 J=1 k=1
k#j

T A x = {zy, 20, -+, ma ), FEENEE T NG B (5-104) & Lo
FEFME A T AES T, BTG A~ ZHr e 2 7 e

(1- q)% [@(t,x, q) — wo(t,x)] =coqNs [cb(t,x, q)}, (5-106)
FERR T A %A
1 d d
ot.x.q) ==> |5 [[ m+1)], (5-107)
t=1 Jj=1 k=1
k#3

XH oo N u BIRIIESE AR, ELI 2 A5 (5-105).
KA, BATRE (¢, x, q) FRITMRT ¢ IZ I RBEL, B

O(t,X, q) Z% t,X) (5-108)

1 (5-108) FE A B IEAS JTHE (5-106) F1 (5-107) 1, FFA T REAL WL ¢
AZHASE, "5 m EMSTEA TR

0
a |:90m - Xmgpm—l] = Co 56,m—17 (5-109)
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A IR 5 1
=0, (5-110)

t=1

Som_1 = Dm_l{/\fﬁ [@(t, X, q)} }

o a()Omfl Pm—1 1 —9222 82@m,1
- { ot & +2d22<e 927

©m(t,x)

XH,

(1= Xm)
i=1 k=1
k+#1
1 d d d
- [x? > I @+ (1—xm>}. (5-111)
=1 i=1 k=1
jA<T k#d
k#3J
TR, N
t
n(£:%) = Xom rmr (%) + €5 / S (£, X)L, (5-112)
1

N TR IR (5-105), FATIEEAN N #0445 i

d d
Z 2 ] (@+1)|. (5-113)

=
FIREAR (5-112) FIRIGRAEMIAR (5-113), ARUCRH o1 (t,X), @a(t,X), -+ o
u(t,x) 1 M B[RS IR

&I'—

[T

M
Pult,x) =D @t x), (5-114)
m=0
TERIRZ), A
) 1 .. 0¢
yO @M(O XO) 204 = |:Ee g aij‘:[:| . 07x:x07 221727' 7d
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RIEHE, SN TAEEN ¢ e [-1.1,-0.6], HRERSIELEFE, HE
co = —1 M ERCE RS, MES-6fR. FILMITHERSCRAAEH A, AT
co = —1o E5-TILHET 4 M5BT W FE HER RS AR, 7T LR IR E VI G
RAFo N TS REA N ERCRA W, RATRWIEIN4E R d, Hakg
RN 5-625-10/T/~. AT LULILTE 6 4EIEHL T, RS M 77 L5 55 HI
AIARIS B R (SRR ZE N 1077 B0, MARYESCE [96], EiAF
[FIRERRE B, ST R MAS 15 7 I 2075 22 18481s, HATERCERLFER T T
K 3000 A3 F5. MLAh, InFsS-625-10fN, RI-FASEZERE , FIHFS 5
MG RETE B T ARG SRE B B 255, T HLFRAULTT 3084s WL REALTIRAF 12
e BB IX LRI T [FAC AT 7 N T 4R Y 1E ] 1A R R AL 43 T BRI
E RS o O 7 BN B FAE M A RIS FRATLE t5 Bty 0 BIETR A
TEURTR 1077 KR SE IR, BT Rt WA B35 77 3% [96] FAIRME 7347 77 1 B ife 1Y
CPU B[], Al LMS 2 F LS A

ty = exp(—3.2+ 0.95d), (5-115)
ts = exp(—7.6+ 2.9d), (5-116)

X d > 30 HERCRIMLIES-8AT /N, TERS, BIRMELE R, Fes
M AN TR B S 35 7 45 [96] BT ERCE Y AR E0N =, HEF RS
AT 7 15 BT SRR S k) B S8 T B TR A B T R, IX AR [
T 7 AT 4 1 [ B (R BT SR AR, misk!

(BRI R, AT, FATRHFUS M 7 sk ig T = 28R F B 1E4)
B TR, AFR TS 5.0 T AR R R B REAL GG T R SE A B
R T R Mk S, BB BENLR s 77 785 TEE R B RE L T FE 9T
ToAR 5T X ) !

53 B%
AT VEE R RS AMT 7 sk 3 R 1E B RS 7 B = A IE
) R BE LA AR (LS —AN 12 4B | FEAE iR i A S 3
KEREROZE S RSB T RIS HT 77 0 2% 28 [ F 2 R i o
BOAN, TV SR ) B BE LS Ty R E 8 R B RS T, BATIR
ESUAF 5] SR ARSEMS | BERAE T MBI S5 SR X BB T IR Iy i =, f8l
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Table 5-6 The squared residual error, the used CPU time (second) and the relative error between

the homotopy approximations g, Zo and the exact solutions g, zg of Egs. (5—102) and (5-103),

respectively, when d = 4. Here, m denotes the order of approximation.

m £ Yo — Yo Zo — 2o time (s)
2 1x1073 8 x 1073 3 x 107 0.1
4 1x 10710 2 x 107 4 %1077 0.7
5 1x 1071 —2x 1077 8 x 1078 1.6
6 4 x 10712 —3x10°8 3 x107° 3
8 1 x 10712 2 x 1077 —7x 10710 10
10 9x 10713 —6x 1071 7x 1071 26

& 5-76 piES QAL A, A RS 7 R AR BR8] 09 4 R,

Table 5-7 The squared residual error, the used CPU time (second) and the relative error between

the homotopy approximations gy, 2o and the exact solutions yg, 2o of Egs. (5—102) and (5-103),

respectively, when d = 6. Here, m denotes the order of approximation.

m E Yo — Yo Zo — %o time (s)
2 2 x 1072 9 x 1073 2 x 1074 0.6
4 3x 1074 5x 1077 5x 1078 5

5 9x 1071 —2x 1078 4 %107 11

6 3 x 10716 —1x107° 5x 1071 21

8 5x 10718 1x 1071 -3 x 10712 66
10 2x 1071 —1x 10713 6 x 1071 159
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Table 5-8 The squared residual error, the used CPU time (second) and the relative error between

the homotopy approximations %, Zo and the exact solutions g, zg of Egs. (5—102) and (5-103),

respectively, when d = 8. Here, m denotes the order of approximation.

m E Yo — Yo Zo — 2o time (s)
2 1 1x 1072 3 x107* 3

4 1x 10710 3x 1077 2 x 1078 34

5 1x 10715 —6 x 107 5 x 10710 74

6 7 x 1071 —2x 10710 3 x 10712 149
8 1x 1072 7x 10713 —8 x 1071 451
10 5x 1072 —2x 1071 5 x 10716 1084

& 5-9 10 £ BB w R MRS 7 A2, AR RS2 AT 77 ke R B 2K 47 8] 69 2 R

Table 5-9 The squared residual error, the used CPU time (second) and the relative error between

the homotopy approximations %y, Zo and the exact solutions g, zg of Egs. (5—102) and (5-103),

respectively, when d = 10. Here, m denotes the order of approximation.

m & Yo — Yo Z0 — 2o time (s)
2 58 2 x 1072 4 %1074 21

4 1x107° 2 x 1077 8 x 107 196
5 4 x 10715 -3 x 107 2 x 10710 497
6 2 x 10720 —6 x 1071 4 x 10713 876
8 2 x 10722 1x107% —6 x 1071 2920

& 5-10 12 e B @ R A S A2, AR A R 207 75 ik A R B I R0 2 69 28 R,

Table 5-10 The squared residual error, the used CPU time (second) and the relative error between

the homotopy approximations %, Zo and the exact solutions g, zg of Egs. (5—102) and (5-103),

respectively, when d = 12. Here, m denotes the order of approximation.

m E g(] — Yo ,20 — 20 time (S)
2 4274 5x 1072 7x 1071 121
3 1 x 1072 1x10™* 2x 1076 424
4 2x 1078 2x 1077 6 x 107? 1154
5 3x 1071 —2x107° 7x 1071 3084

— 112 —



LHZGABRFAE PR S EF A R AT 7 R R AR e AL/ AR o) B RE AL S T A2

10

10

10°
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10*

10°
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Fig. 5-6 The squared residual error of Eq. (5—104) versus ¢ in case of d = 4. Dash-dotted line: 2th-
order approximation; Dashed line: 3th-order approximation; Solid line: 4th-order approximation;

Dash-double-dotted line: Sth-order approximation.

[ B BEAILGL 93 7 R 1 R B R AL T AR A AR X . T H., X TIX 6
AR TR, FRATEER T R4 B etk 7

ou
==
WS TR SRR RS — A AR 2R — B 19 RS AL
fift, XM AE RS AT T R T B RCE M bt R R . R, LA T
(5-117) FFAEJF R 5 7 FR I LRt 5 o A5 FRATTR A8 U7 1 3R m i o 7
2 (5-17) F (5-18), FAPEAGALIE—N+0E 2Lt H 1

A ou 0 ou 62 5 0%u

MHZEMER A P RETCIASS A R (B8 THRIERD) -

L[u] (5-117)
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B 574 % EB @R RAMS 742, It =0,0.25,0.5,0.75 B 69 BI4& R M 5 45 74 ft
MEREL Lt =0 RACEMM ; E& It =025 B RASEMMA ; BRIt =058
B RIS LA 5 2R 1t = 0.75 B REEMAAE  EFH 1t =0 B HAME L= AK
t=0.25 BAGHAAM B 1t =05 WHEHAM | X 1t =0.75 WA,

Fig. 5-7 Comparison between the homotopy approximations and the exact solution u of E-
gs. (5—104) and (5-105) in case of d = 4 when t = 0,0.25,0.5,0.75, z; = z,¢ = 1,2,--- ,d.
Dash-double-dotted line: homotopy approximation at ¢ = 0; Solid line: homotopy approximation
at t = 0.25; Dashed-dotted line: homotopy approximation at ¢ = 0.5; Dashed line: homotopy ap-
proximation at t = 0.75. Square: exact solution at t = 0; Triangle up: exact solution at ¢t = 0.25;

Circle: exact solution at ¢ = 0.5; Diamond: exact solution at ¢t = 0.75.

B 5.1 R0 5.2 7, ABATE W IR AR o (FERRENLTIR) A
J R, MIACORIERSR] ¢, WG 77 B Al B O — 55T ¢ B9 —Br i i 77
R, A — AR XFE, RIS T (5-117) WlEREELZ F.
[FE AT T IR T 1 BT B p RGO s, 2k 8T R sl i) 2
B, kX “Bi” e T FEe AT R AR AR .
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B 5-8 & 4 BB R AL T2, AT 7 kA R T H 3R M 46 6938 75 i [96] 693 F L
Z, BB ARSI & B WA E S CPU B X 1 AT H R WA 6%
% [96] Fr & 69 CPU B 5 S24% T MAARX (5-115) 5 & A RX (5-116),

Fig. 5-8 The used CPU time (second) versus dimensionality d of Egs. (5—104) and (5-105). Cir-
cle: CPU times for Sth-order HAM approximations; Diamond: CPU times for the spectral sparse
grid approximations [96]; Solid line: the fitted formula (5-115); Dashed-line: the fitted formula
(5-116).
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s A 2 (2-12) - (2-14) BIFEHES
HE (2-11), H
=> gl (A-1)
X H
gi = a_iry” Pi<0,
go = a, (A-2)
gi = a; >0
FEEEHREL, R=1, BI¢ =€’ K,
(Z giCl) (Z giC_Z)
= Z g; +Z (C"“+C‘k> ( ngm—k)]
i=—r L m=k—r
— Zgl +Z ( > GG COS(W)]
1=—T L m=k—r
— ij cos(kd), (A-3)
k=0
IXH
=> " k=2 GmGmr k=12 2r (A—4)
t=—r m=k—r
AN,
0
/ Im[f]d0 = / [Zak 1 —7g¥) sin k@)] do
0
w(l=i) ¢ [k(l_rgk) ]
= - —— = cos(k0)
= hy cos(k0), (A-5)

k=0
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n=1
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¢ '
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RXHE D, MRGKRSHE T, E3GEI 2-20)- LA, A

t '
D; [cos(tqg + x)] = — cos (x + Z—W> ,

2! 2
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HiRds 311, A

J
Dy, [ ai(Q)]

i=1
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A (B-2) , (B=3) fRAZ] (5-81) 71, A[15:

%(Spkﬂ - Xk:+1§0k>

+ Dy, [sin(tq + x) sin(tq + x) cos(tq + x)

2

1
+ —cos(tq + z) sin(tq + x) sin(tq + ) sin(tq + z) cos(tq + x)

1 . . .
~1 cos(2tq + 2x) sin(tq + ) sin(tq + x) sin(tq + x) (B-5)

1
7 sin(tq + x) sin(tq + x) sin(tq + x)

— cos(tq + x) sin(tq + ) sin(tq + $)} }

5, tk k
:—{%—ﬂcos (w+§7r> +Dk[0}}

JUE

0rt1
ot

ot k! 2

I (5-82), 15 :

tk+1
Prk+1 = m sin (m +

W (B-1) XA ke N B, 151F!
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