On the Nonsimilarity
Boundary-Layer Flows of
Second-Order Fluid Over a
Stretching Sheet

In this paper, the nonsimilarity boundary-layer flows of second-order fluid over a flat
sheet with arbitrary stretching velocity are studied. The boundary-layer equations de-
scribing the steady laminar flow of an incompressible viscoelastic fluid past a semi-
infinite stretching flat sheet are transformed into a partial differential equation with
variable coefficients. An analytic technique for highly nonlinear problems, namely, the
homotopy analysis method, is applied to give convergent analytical approximations,
which agree well with the numerical results given by the Keller box method. Further-
more, the effects of physical parameters on some important physical quantities, such as
the local skin-friction coefficient and the boundary-layer thickness, are investigated in
detail. Mathematically, this analytic approach is rather general in principle and can be
applied to solve different types of nonlinear partial differential equations with variable
coefficients in physics. [DOI: 10.1115/1.3173764]
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1 Introduction

The flows of an incompressible viscoelastic fluid over a stretch-
ing sheet have important applications in the field of industry, such
as the extrusion of a polymer sheet from a die or the drawing of
plastic films. During the past decades, there has been an increas-
ing interest in the flow behavior of non-Newtonian fluids, espe-
cially fluids that exhibit elasticity in shear, these being known as
viscoelastic fluids. Beard and Walters [1], in their research of a
second-order fluid with the mainstream velocity U=cx, proposed
a perturbation approach in which the velocity and the pressure of
fluid were expanded in a series in terms of a small parameter &.
Rajagopal et al. [2] investigated the boundary-layer flow of a vis-
coelastic fluid over a stretching sheet, which stretches with veloc-
ity U=cx, and gave numerical solutions of the nonlinear ordinary
differential equation governing the similarity boundary-layer flow
in the case of small viscoelastic parameters. Vajravelu et al. [3,4]
studied the boundary-layer flow and heat transfer in a viscoelastic
fluid over a stretching sheet due to stretching velocity U=cux.
Sarma and Rao [5] analyzed the heat transfer in the steady laminar
flow of an incompressible viscoelastic fluid past a semi-infinite
stretching sheet with the same velocity U=cx.

Knowledge of non-Newtonian fluid mechanics is still in an
early stage, and many aspects of the field have yet to be investi-
gated and clarified in more detail. Most of previous studies of
viscoelastic fluids [6-8] only considered the case of the sheet
moving with the velocity U=cx. For this case, the boundary-layer
equations can be reduced to a set of ordinary differential equations
with a set of similarity transformations. In nature, the boundary-
layer flow over a stretching sheet with the velocity U=cx is not
the general model; however, other forms of stretching sheet ve-
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locity could lead to nonsimilarity boundary-layer flows. Obvi-
ously, it is more meaningful to investigate the nonsimilarity
boundary-layer flows.

Currently, a powerful analytic technique for highly nonlinear
problems, namely, the homotopy analysis method (HAM) [9-22],
has been widely applied to different types of nonlinear problems
in science, finance, and engineering. Unlike perturbation tech-
niques, the HAM is independent of any physical parameters so
that it is still valid no matter whether or not a nonlinear problem
contains small/large physical parameters. Besides, it provides
great freedom to choose different base functions to approximate a
nonlinear problem so that a better base function can be used to get
better approximations. More importantly, different from all other
analytic techniques, the HAM provides us with a simple way to
ensure the convergence of solution series so that one can always
get accurate enough approximations. In this paper, the nonsimilar-
ity boundary-layer flow of a second-order fluid over a stretching
sheet with arbitrary stretching velocity is used as an example to
propose a general analytic approach for nonsimilarity boundary-
layer flows of non-Newtonian fluids.

In Sec. 2, the mathematical description of the nonsimilarity
boundary-layer flows is given by means of a nonlinear partial
differential equation (PDE). In Sec. 3, the HAM is applied to get
convergent series solution of the related nonlinear PDE. The ef-
fects of physical parameters on the flows, such as the skin-friction
coefficient, the boundary-thickness, and so on, are investigated in
Sec. 4. The conclusions and discussions are given in Sec. 5.

2 Mathematical Description

An incompressible homogeneous fluid of second-order [23,24]
has a constitutive equation defined by

T=-pl+uA +a A, + A} (1)

where

A, =(grad v) + (grad v)T (2)
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X

U, =x/(1+x)
Fig. 1 A sketch of the physical problem
A, =dA/dr+ A, (grad v) + (grad v)TA, (3)

where T denotes the stress tensor, p, u, a;, and a, are, respec-
tively, the pressure, the viscosity, and two material constants, —pI
is the spherical stress due to the constraint of incompressibility,
A, and A, are the first two Rivlin—Ericksen tensors, v denotes the
velocity field, and d/dt is the material time derivative.

It is worth mentioning that the sign of @, in model equation (1)
has been a subject of much controversy; a critical review on this
controversial issue has been given a concise discussion by Dunn
and Rajagopal [25]. Thus we shall not go into a discussion relat-
ing those quarrels but simply follow many researchers by assum-
ing

n=0,

a; =0, a;+a,=0 (4)

As shown in Fig. 1, the two-dimensional boundary-layer flow
of a second-order fluid over a stretching flat sheet with an arbi-

trary stretching velocity U,,(%) is governed by
du v
—+ =
ox dy

on  _ou  Pu 6‘2u ondtv  _Fu
i—+o—=v —+— + S+ | (6)
ox ay 19y P z?x &y ay &y ay’

©)

subject to the following boundary conditions:
i=U,x), 0=0 at y=0 (7)
_ u _
#—0, ——0 as y—+ (8)
Iy

where i and v are the velocity components in the X and y direc-

tions, respectively, and v is the kinematic viscosity, p is the den-

sity of fluid, and U,,(X) is the stretching velocity of the sheet.
Defining the nondimensional variables,

x=£, yzRel/z(%), MzUL’ sze”z(UL) 9)

where Re=U,.L/ v is the Reynolds number, Egs. (5) and (6) can be
written in nondimensional form as

du dv
—+—=0 (10)
ox dy
du ou  Fu &Zu &u v Fu
U—+v_—="5+\ —+uv_——3 | (11)
ox dy dy &x &y &y ady dy
The boundary conditions become
u=U,x), v=0 at y=0 (12)
du
u—0, ——0 as y—+® (13)
dy

where A=aU../ pvL is to be interpreted as viscoelastic parameter.
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It is well known that in the case of U, (x)=cx, Egs. (10)—(13)
can be reduced to a similarity equation with four boundary con-
ditions by a set of similarity transformations. However, for other
stretching velocity, no similarity solutions are available and thus
we have to introduce a set of nonsimilarity transformations to
convert the original boundary-layer equation to a nonlinear PDE.
As far as we know, no one reported such kind of nonsimilarity
solutions so far.

Introducing the following variables,

= o(x)f(x,7) (14)

n= A
o(x)’

where /(x,y) denotes a stream function defined in a usual way,

=—, =—— 15
" dy v ax (13)

o(x) >0 is a real function of x to be chosen later, such that the
continuity equation is automatically satisfied and the momentum
equation (11) is transformed to

of Ff (9f(92f)
=l )<&7](?xr97] ax d
( o
"M oxonon  anoxon
Ff P afa“f)
Tofoxan  xony
2)\0"()6)[ of Pf
A2
olx) |onoq

( (927] )
J
SUbject to the bOundary COnditiOnS

f,0)=0,  f,(x,0)= Folr4) =0

where f,, denotes the partial derivative with respect to 7.

There are an infinite number of sheet velocities U,,(x) that do
not satisfy the similarity criteria and thus lead to nonsimilarity
boundary-layer flows. Here, without loss of generality, we con-
sider the case U,,(x)=U,,(£), where £€=I"(x) is a given real func-
tion of x. By means of the transformation

P

Pt [ol()]f

1 3
27 gyt

(16)

U,(x), (17)

§=T(x) (18)
Equation (16) takes the form
& > af & af &
2 v oorth oo LI LI o
><< Ff Ff of Ff PfFf
GEI IR andEdp I IEd P
a_fﬁ) [af 33f 1 &f
Tt " (9| 5, o 2 oyt
(721) ]
((9772 (19)
subject to the boundary conditions
[£0)=0, [f(£0)=U, (8, f(&+2)=0 (20)

where

(O =3PWT, 0@ =T (),
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2No' (x)
o(x)

in which x is expressed by &, i.e., x=I"1(&).

It is also worth mentioning that the above mentioned analysis is
valid for various stretching velocity distributions. While owing the
restriction of similarity (or nonsimilarity) method, many velocity
distributions may not produce the equation, which admit exact
solutions in the whole regions 0 =x<<% and 0=y <.

For convenience, we choose

- A (x),

3(é) = oy(§) = (21)

U(x)——

as the example; note that U, —x as x—0, and U,—1 as x—
+o0, respectively. From practical points of view, this is reasonable
because U,,(x) is always bounded in practice.

For the special case of =0, corresponding to Newtonian fluid,
the flows near x=0 should be close to the similarity ones in the
case of U,,=x, and besides, the flows at x — +2 should be close to
the similarity ones in the case of U, =1, respectively. For these
similarity flows of Newtonian fluid, it is_ well known that the
corresponding similarity variables are y/\v in the case of U,,=x
and y/ VX in the case of U, =1, respectively. Besides, there exist
the similarity boundary-layer flows of non-Newtonian fluid (i.e.,
A #0) only in the case of U,,=x with the corresponding similarity
variable 7=5/\v. It is very interesting that, in the case of U,,=x,
the similarity boundary-layer flows of both Newtonian and non-
Newtonian fluids have the same similarity variable n=y/ V. Con-
sidering all of the above facts, and due to the definition (14) of the
variable #, it is natural for us to choose

o) =\1+x (22)

so that for the nonsimilarity ﬂ0£s of non-Newtonian fluid, 7 tends
to y/ Vv as x—0, and to y/\uX as x— +%, respectively. In this
way, our analytic approach is also valid for similarity boundary-
layer flows of Newtonian fluid (A=0) and non-Newtonian fluid in
the case of U,=x. Such kind of theoretical consistency is very
important, especially in the case of lack of experimental data.

It is natural for us to define

£=T()=—— (23)
1+x
which gives
1
U,=§ 01(§)=5, oy =1-¢,
o3& =-N1-87% oy(=N1-§) (24)
Then the governing equation is transformed into
Ff1 P &> F
AL _g)(éf f i f)_m
o 2o InoEdn  EIT
B e A
dEInIy  AmoEdy I IEI
a_fﬁ) [af &f 1 a“f
C 9o’ M1-9) 7 o 2 an
{ay
A 25)
subject to the boundary conditions
f£0)=0, f,(£0)=§ [ (§+2)=0 (26)
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Note that the partial differential equation (25) contains only one
linear term f,,,, and thus is highly nonlinear. Such kind of non-
linear PDE is hard to solve, especially by means of analytic meth-
ods.

3 The Analytic Approach Based on the HAM

From physical points of view, it is well known that most of
boundary-layer flows decay exponentially at infinity. Thus, it is
reasonable to assume that f(&, ) could be expressed by the fol-
lowing set of functions:

{& " exp(=nnm)|k = 0,m = 0,n = 0} (27)
such that
+oo 4w 4o
flem =2 2 2 ap"é " exp(=no) (28)
k=0 m=0 n=0
where a}"" is a coefficient. It provides us the so-called solution

expression, which plays an important role in the frame of the
HAM, as shown later.

Using the solution expression (28) and considering the bound-
ary conditions (26), it is convenient to select the initial guess

fol&.m) = U, (91 —exp(- 7)] (29)
and the auxiliary linear operator,
PO FD
LIPEnq)]="—+" 30
[D(& 7:9)] or o (30)
which has the property
L[Cy+ Cyexp(=n) + Cyn]=0 (31)

where Cy, Cy, and C, are the integral coefficients and using ¢
€[0,1] as an embedding parameter. Then, based on Eq. (25), we
define the nonlinear operator

IO 1 32<1> aD PP
J\/[‘1>(§,7/;q)]=(a T3 0,”72) (1 6)(5@

aqwz(b) N1-2) ( FD &343 A A

9E I dEdn o anagan

PP P @@)_M B )[acba*

T o aEd o oy anon

eri-iZe)] @)

Let £ denote a nonzero auxiliary parameter. We construct the
zeroth-order deformation equation,

(1 =@ LIP(E m:q) - fox. )] =ghMP(E 7:9)]  (33)
subject to the boundary conditions
B(£0:9) =0, 8<I>(§, 79| _ £ IP(& 7:9) 0
7 7=0 877 =t
(34)
When ¢=0 and g=1, we have
Q& 7:0)=fo(&m), P& m:1)=f(&m) (35)

Thus, as g increases from 0 to 1, ®(&, 5;q) varies from the
initial guess fo(&, 77) to the exact solution f(&, ) of Egs. (25) and
(26). Then, by Taylor’s theorem, we expand ®(¢,7;q) in the
power series

+o0

(&, 7:9) = D& 7:0) + > f(& 0" (36)
n=1

where
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1 D n59)

&)= pry (37)

n

dq q=0
Assuming that all of them are correctly chosen so that the series
(Eq. (36)) converges at g=1, we then have from Eq. (34) that

40

FED=folém) + 2 (&)

n=1

(38)

write

fn={f0’f1’f27 7fn}

Differentiating the HAM deformation equations (33) and its
boundary conditions m times with respect to ¢, then dividing by
m!, and finally setting ¢=0, we have the mth-order deformation
equations,

E[fm(gy 77) - mem—l(év 77)] = ﬁRm(fm—l’g) (39)
subject to the boundary conditions
£ (£0)=0. ﬁfn;(&,n) _o, (€, 17:9) 0
7 7=0 077 =+
(40)
where
_ &3ﬁ11—1 lm_l &an
Rm(fm—lsg)_( a773 +2%fm—l—nan2
m—1
ﬁfm—l—n azfn (?fm—]—n&zfn)
—(1- _ ZJn
( §)%< an dEdn  IE I
m—1
Hzfm—l—n(?gfn ﬁfm—l—n J‘fn )
— 2 _—
+A1-4) %( AEan a773+ an Ed
m—1
&zfmflfn (’ﬁfn &fmflfn(#fn)
—_ —_ 2 _—
M= 20< o ko 0k o
m—1
afm—l—n% l %
_)\(1 _g)% ( (?7] (9773 + me_l_nﬂn4
l&me—l—n@>
2 9 o “1)
and
B 1, m>1 14
Xn=10.  m=1 (42)

Let £, (£, ) denote a particular solution of Eq. (39). In Eq. (31),
its general solution reads

Tul&m) = f,,(€m) + C§ + CY exp(= 1) (43)

where the coefficients Cjj' and C'' are determined by the boundary
conditions (40). In this way, it is easy to solve the linear equations
of Egs. (39) and (40) successively.

Note that the right-hand side of Eq. (39) can be regarded as a
known term, and its left-hand side is independent of & Thus, Eq.
(39) is, in fact, an ordinary differential equation (ODE) about 7.
Therefore, the original nonlinear partial differential equation (25)
is transferred into an infinite number of /inear ordinary differential
equations that are much easier to solve. Note that, different from
perturbation techniques, such kind of transformation does not
need any small physical parameters. Besides, it should be empha-
sized that the chosen auxiliary linear operator (30) has not a close
relationship with the linear term f,,,, in the original equation (25).
This is mainly because, different from all of other analytic tech-
niques, the homotopy analysis method provides us with great free-
dom to choose the auxiliary linear operator. Without such kind of

021002-4 / Vol. 77, MARCH 2010

Fig. 2 The curves f,,(§,0)~7 at the 15th-order of approxima-
tion in the case of A=1/2. Solid line: £=1/4, dashed line: &
=1/2, dash-dotted line: £=3/4, and dash-dot-dotted line: £=1.

freedom, it is impossible for us to get such kind of series solution
convergent in the whole spatial region 0=x<<+% and O0=y<
+00,

4 Result Analysis

With the help of the HAM, it is easy to give analytical approxi-
mations for Eq. (25) in the following form:

M
fEn =2 ful&n)

m=0

(44)

Using symbolic computation software (such as MATHEMATICA),
it is easy to solve the high-order deformation equations (39) and
(40). Obviously, it is important to ensure the convergence of the
solution series (36) for all possible physical variables 0=x <+
and 0 =y <+, Note that the series solution (36) contains an aux-
iliary parameter £, which provides a simple way to adjust and
control the convergence region and rate of series solution, as men-
tioned by Liao and co-worker [10,11,14]. Mathematically,
fyy(€,0) is dependent on both of the physical variable & and the
auxiliary parameter . So, from mathematical view points, given a
value of ¢, f,m(f,O) is a power series of 7 and thus its conver-
gence is determined by #. However, from physical view points,
for a given value of & the local coefficient of skin friction is
unique; i.e., there should exist only one value of f,,(£,0) (we
assume here that no multiple solutions exist). Therefore, for a
given value of &, the corresponding series solution of f,,,,(g,o)
given by different values of 7 should converge to the same value,
as long as it is not divergent. This is indeed true. For example, in
the case of A=1/2, regarding A as a variable, we can plot the
curves of f,,(£,0)~% for different values of ¢ varying from 0 to
1, as shown in Fig. 2. Obviously, for any a given value of &
€[0,1], f,,(&,0) converges to the same value in the case of A
e[-2/5,-1/10]. Thus, if we choose a value of 7 in the region
-2/5=h=-1/10, we get the series solution of f,,(¢,0) conver-
gent in the whole region £e[0,1]. For example, in the case of
fi=—1/5, our HAM approximations of f,,(&,0) agree well with
the numerical results given by the Keller-box method [26] in the
whole region &€ [0,1], as shown in Table 1 and Fig. 3. With the
Keller-box scheme, the computational domain of 7, ranged from 0
to 10, is divided into 1000 intervals, while the domain &, ranged
from O to 1, is divided into 100 time steps. Fixed step sizes are
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Table 1 Value of f'(£,0) in the case of A=1/2 by means of /i=

-1/5
Relative error

3 20th HAM approximation ~ Numerical result (%)
0 0 0 0
0.1 —0.08122 —0.08178 0.69
0.2 —0.16094 —0.16136 0.26
0.3 —0.23796 —0.23822 0.11
0.4 —0.31062 —0.31073 0.04
0.5 —0.37663 —0.37659 0.01
0.6 —0.43294 —0.43278 0.04
0.7 —0.4756 —0.47534 0.05
0.8 —0.49975 —0.49943 0.06
0.9 —0.49909 —0.49856 0.11
1.0 —0.44269 —0.44495 0.51

employed in both directions. The convergence criterion used is
based on the root mean square error (rms), which is 1 X 1076 in
the present work.

The convergence of the series of f,m(f,O) can be accelerated by
means of homotopy-Padé technique, as shown in Table 2. It
should be emphasized that, when % & [-2/5,-1/10] such as 7=
~1/2 or 1=-3/5, the series solution of f,,(£,0) converges only
for small & and =1, corresponding to small x and x — +%, respec-

o
o

o

S
[}
o AERN NEEE ERANE ERERN ANEAN RNNE ARNRE ARRAN ERNRE RRENY gEEnS |

-0.1

'
e

Fig. 3 The curves of f,,(£,0)~¢ in the case of A=1/2 by
means of different values of 7. Solid line: 20th-order HAM result
when 71=-1/5, symbols: 25th-order HAM result when #1=-1/5,
dashed line: 20th-order HAM result when 7=-1/2, and dash-
dotted line: 20th-order HAM result when 7=-3/5.

1¢
i
[\
,v\
0.8
3 "\
i
i
[
0.6-\ \
s [
=z [
04m 1 o
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0 1 $1g 90 4 1o o1 1]
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n

Fig. 4 The curves of f,(, ) in the case of A=1/2 by means of
h=-1/5. Solid line: £=1/4, dashed line: £=1/2, dash-dotted
line: £=3/4, dash-dot-dotted line: £=1, and symbols: numerical
results.

tively, but diverges for some values of &, as shown in Fig. 3. So,
it is very important to choose a proper value of the auxiliary
parameter #, and the curve f,,(£,0)~% indeed provides us a
simple way to do so. Furthermore, it is found that, as long as the
series of f,,(£,0) is convergent in the region ¢ e[0,1], the cor-
responding series of f(£, ), f, e 7), and so on, given by the same
value of %, are also convergent in the whole regions 0=¢=1 and
0= n<+%, corresponding to 0 =x<+% and 0=y <+%. For ex-
ample, in the case of i=-1/5, the series solution of f,(£, 7) con-
verges in the whole regions of the spatial variables, as shown in
Fig. 4. Thus, it is the auxiliary parameter # that indeed provides us
a simple way to control and adjust the convergence of the series
solution. This is an obvious advantage of the homotopy analysis
method, compared with all of other analytic techniques. Thus, the
curves f,,(£,0)~% are indeed straightforward and helpful in
choosing a proper value of the auxiliary parameter 7.

Note that A=—1 gives divergent series solution. It should be
emphasized that, as proved by Liao [10], other nonperturbation
techniques such as Adomian’s decomposition method [27], the
S-perturbation method [28,29], and Lyapunov’s artificial small pa-
rameter method [30] are special cases of the homotopy analysis
method in the case of i=—1. So, if these nonperturbation methods
are used here, one cannot get convergent series solution valid in
the whole regions 0 =x<<+% and 0=y <+,

Table 2 The (m,m) homotopy-Padé approximation of '(£,0) in the case of A=1/2

& m=2 m=4 m=6 m=8 m=10
0 0 0 0 0 0

0.1 —0.08150 —0.08123 —0.08122 —0.08122 —0.08122
0.2 —0.16175 —0.16099 —0.16095 —0.16094 —0.16094
0.3 —0.23958 —0.23809 —0.23891 —0.23797 —0.23797
0.4 —0.31334 —0.31075 —0.31072 —0.31056 —0.31063
0.5 —0.38122 —0.37689 —0.37671 —0.37663 —0.37664
0.6 —0.44073 —0.43415 —0.43330 —0.43305 —0.43299
0.7 —0.48943 —0.48129 —0.47941 —0.47872 —0.47855
0.8 —0.52449 —0.53338 —0.51159 —0.49251 —0.49591
0.9 —0.53671 —0.43247 —0.47158 —0.49151 —0.49161
1.0 —0.45737 —0.44458 —0.44380 —0.44375 —0.44375
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The physical quantities of interest are the local coefficient of
skin friction Cy(x) and the boundary-layer thickness &(¥), which
are defined by

T}“T—»
Cfx) = ——— (45)
pU%(X)12
and
1 (T
o) =—— j a(x.5)dy (46)
w X y=0
respectively.

Then the quantities of the local skin-friction coefficient C;(x)
and the boundary-layer thickness 5°(x) are, respectively, denoted
by

, 1 F) i
Cix) = CHBRe? = 2—[#—” +2a (u—"
: : pU,(x)/2]" dy dxdy

+2W_u)] o2 e, [a_f< 7y

axady) J1, U(x)Ui,(x) I an\dx d 7
L(x)ﬁ) Ff _Pf ]

o) 97 +2an2&xﬂn H) (47)
5 (x) = 8(X)Re"?/L = le(x) J;) u(x,y)dy (48)

In Eq. (47), it is found that the local skin-friction coefficient
C;f-(x) of the boundary-layer flows is related to
Fonx,0),£,(x,0), frn(x,0), f,(x,0). Here x can be expressed by
& ie., x=I'"1(§). For example, in the case of A=1/2 by means of
fi=-1/5, our 20th-order HAM approximation for f,,(£,0) reads

Foyn(£,0) == 0.816495¢ + 0.0298867& + 0.122633& +0.098815¢
+0.064059& +0.0348928£5 + 0.0141632¢
+0.00185689£% — 0.00462037¢& — 0.00696416¢£'°
—0.00599676£!" +0.00952493£!% - 1.18932¢"3
+52.0483¢1 — 1358.02&1% + 23131.6£'6 - 2747047
+2.38646 X 10°¢'8 - 1.57216 X 107¢" + 8.07306
X 10780 +3.30116 X 103&" +1.09325 X 10°&*2
—2.97188 X 108 + 6.70295 X 10°£* - 1.26504
X 101985 +2.01092 X 10'°8% —2.70542 X 10'0&”
+3.09047 X 10'°£%8 - 3.00256 X 10'°¢%° +2.48125
X 1019630 - 174125 X 10'°8%" + 1.03405 X 10'0£*
—5.16676 X 10°£3 +2.15366 X 10°E* - 7.39776
X 10863 +2.05785 X 108£%° - 4.51997 X 107¢"
+7.54546 X 10°6%8 - 899,667£% + 68254.7£
—2476.264 (49)

which agrees well with the 25th-order approximations and is ac-
curate in the whole region 0=§¢=1, i.e., 0=x<+%. Knowing the
accurate values of f,,(x,0),f,(x,0) and f,,(x,0),f\,(x,0), it is
straightforward to calculate the local skin-friction coefficient
Cyx) by means of Eq. (47). It is found that, in the case ch N
=1/2, C;(x) tends to —6.53215/x as x—0 and —0.881819/Vx as
x— +o0, respectively, as shown in Fig. 5. Besides, in the case of
U,=¢&and \=1/2, §(x) tends to 1.22472 as x— 0 and 1.62805vx
as x—+%, respectively, as shown in Fig. 6. The curves of C;(x)
and &%(x) at different values of \ are shown in Figs. 7 and 8. It is
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Fig. 5 Cj(x) in the case of A=1/2 by means of 7i.=-1/5. Solid
line: 20th-order HAM approximation, symbols: 20th-order HAM
approximation, dashed line: C;(x)=-0.881819/\x, and dash-
dotted line: C;(x)=-6.53215/x.

interesting that, as x — +o©, the local skin-friction coefﬁcignt C;(x)
tends to the same asymptotic expression —0.881819/\x for all
different values of N\, as shown in Table 3. This is mainly because
o' (x)—0 and
Pf 1 Pf 1
xdp  x

as x— +o0, Thus, according to Eq. (47), all terms of C_;-(x) related
to N\ tend to zero as x— +cc. Similarly, it is found that, as x—
+o, the boundary-layer thickness &(x) tends to the same

xdn \x

asymptotic expression 1.62805vx for all different values of X, as
shown in Table 4. Near x=0, the local skin-friction coefficient
C;(x) adds with the increase in \ and the boundary-layer thick-

10°
10' |
= [
w
,,,,,,,,,,,,, e
10° s
- Ve
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B s
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B 7/
| s
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10" sl ol 0l 0 il
10° 10* 10" 10° 10’ 10° 10°
X

Fig. 6 &°(x) in the case of A=1/2 by means of i=-1/5. Solid
line: 20th-order HAM approximation, symbols: 25th-order HAM
approximation, dashed line: §°(x)=1.628051x, and dash-dotted
line: 6"(x)=1.22472.
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Fig. 7 The 20th-order HAM approximation of C;(x) at different
values of A. Solid line: A=0, dashed line: A=1/2, dash-dotted
line: A=1, and dash-dot-dotted line: A=2.

ness 8°(x) has the same change with the augment of \, as shown
in Figs. 7 and 8, respectively.
If the velocity distribution

2
UW=aL+(1-a)(i> (50)

1+x 1+x

is applied, the resulting governing equations contain exact solu-
tion in the whole regions 0 =x << and 0=y < as well. Here «

10° -
10" =
3 5
)
10—
10" o v o el il il
10° 10 107 10° 10’ 10° 10°
X

Fig. 8 The 20th-order HAM approximation of 5°(x) at different
values of \. Solid line: A=0, dashed line: A=1/2, dash-dotted
line: A=1, and dash-dot-dotted line: A=2.

Table 3 Cj(x) at some values of A

N h x—0 X—+00

0 —1/5 2/x ~0.881819/\x
12 ~1/5 ~6.53215/x —~0.881819/\x
1 —1/5 -9.8984/x ~0.881819/\x
2 ~1/8 ~15.0044/x ~0.881819/Vx

Journal of Applied Mechanics

Table 4 6°(x) at some values of A

N h x—0 X—+%

0 ~1/5 1 1.62805\x
12 —1/5 1.22472 1.62805\x
1 ~1/5 1.41419 1.62805+x
2 —1/8 1.73205 1.62805\x

is a parameter, which is used to control the velocity distribution

U,, as shown in Fig. 9. For this case, it is found that the

boundary-layer thickness §*(x) increases as « decreases, as shown
in Fig. 10.
Similarly, if the velocity distributions of the form

Fig. 9 The U,(¢ at different values of «. Solid line: a=0,
dashed line: «=1/2, dash-dotted line: a=1, dotted line: a=3/2,
and dash-dot-dotted line: a=2.
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X

Fig. 10 The 20th-order HAM approximation of §*(x) at different
values of @ when A=1/2. Solid line: a=1/4, dashed line: «
=1/2, dash-dotted line: «=3/4, and dash-dot-dotted line: a=1.
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Y
Unx) = EA,(E) (51)

i=1

is chosen, the resulting governing equation always contains the
exact solutions in the whole regions.

5 Conclusions

In this paper, a general analytic approach for nonsimilarity
boundary-layer flows of non-Newtonian fluids is proposed by
means of an analytic method for highly nonlinear problems,
namely, the HAM. The nonsimilarity boundary-layer flows of
second-order fluid over a stretching sheet with arbitrary stretching
velocity are used as an example to show its validity. Convergent
series solutions are obtained for all physical parameters and vari-
ables, which agree well with numerical ones. The effects of physi-
cal parameters on the skin-friction coefficients and boundary layer
thickness are investigated. This example illustrates the validity of
the proposed analytic approach.

Unlike perturbation techniques, the HAM is independent of any
physical parameters so that it is still valid no matter whether or
not a nonlinear problem contains small/large physical parameters.
Besides, it provides great freedom to choose different base func-
tions and auxiliary linear operator, using this kind of freedom, we
transform the original nonlinear PDE into an infinite number of
linear ODEs. More importantly, different from all other analytic
techniques, the HAM provides us with a simple way to ensure the
convergence of solution series: One can always get accurate
enough approximations by means of choosing a proper value of
the auxiliary parameter 7. The analytic approach described in this
paper has general meanings and can be applied to solve other
types of nonsimilarity boundary-layer flows and heat transfer in
general.

Note that, due to the simplicity in mathematics, most research-
ers are working on similarity boundary-layer flows, which are
governed by nonlinear ODEs. However, nonsimilarity flows,
which are governed by nonlinear PDEs, are more general and
more important in physics, although they are more difficult to
solve than similarity flows. We wish that our work can attract
more researchers on nonsimilarity flows.
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