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1. Introduction

Boundary-layer flows over a moving or stretching plate are of great importance in view of their relevance to a wide
variety of technical applications, particularly in the manufacture of fibers in glass and polymer industries. The first and
foremost work regarding the boundary-layer behavior in moving surfaces in quiescent fluid was considered by Sakiadis [1].
Subsequently, many researchers [2-9] worked on the problem of moving or stretching plates under different situations.

In the boundary-layer theory, similarity solutions are found to be useful in the interpretation of certain fluid motions
at large Reynolds numbers. Similarity solutions often exist for the flow over semi-infinite plates and stagnation point
flow for two dimensional, axi-symmetric and three dimensional bodies. In some special cases, when there is no similarity
solution, one has to solve a system of non-linear partial differential equations (PDEs). For similarity boundary-layer flows,
velocity profiles are similar. But, this kind of similarity is lost for non-similarity flows [ 10-14]. Obviously, the non-similarity
boundary-layer flows are more general in nature and more important not only in theory but also in applications.

The unsteady boundary-layer flows are important in a wide range of applications. Examples include the design and
analysis of water supply systems, flows in natural gas pipelines and flows of blood in arteries. Pump shutdowns or rapid
changes in value settings are known to generate unsteady flows in hydraulics devices or water supply systems. The pressure
in unsteady flows can cause cavitation, pitting and corrosion [15]. The unsteadiness of the flow, so long as the fluid is
incompressible, may not directly be of much influence to the performance of the machines, but indirectly it will influence the
performance by changing the boundary-layer formed on the solid surface. In particular, the flow unsteadiness will induce a
change in the separation characteristics of the boundary-layer, which in turn will change the overall flow pattern with the
time.

The boundary-layer development occurs in two stages. If we introduce dimensionless time t = U,,t/x, then for small
7 (small time or large x) the flow is dominated by the viscous and pressure gradient forces and the unsteady acceleration.
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During this stage the convective acceleration plays only a minor role in the flow development. For the large t (large time or
small x) the flow is dominated by the viscous forces, pressure gradient and the convective acceleration while the unsteady
acceleration has negligible role in the flow development. This change in character of the flow manifest itself mathematically
as a change in the character of the equations which describe the fluid motion. Unsteady boundary-layer flows due to an
impulsively stretching surface in a viscous fluid was considered by some researchers [16-21].

As mentioned before, when the similarity does not exist, one had to solve a system of non-linear PDEs. In the investigation
of non-similarity boundary-layer flows, numerical methods are widely applied as a tool. However, by using numerical
methods some additional errors and uncertainty can be found in the results, because, for numerical computation one
has to replace the infinite domain with finite one. However, PDEs can be solved in the infinite domain by using the
analytic methods. However, by the traditional analytic techniques, such as perturbation technique, it is hard to get analytic
approximations that are valid and accurate for all physical parameters due to the reason that these techniques often depend
upon the small physical parameters. Among the analytic methods, the method of local non-similarity for thermal boundary-
layer problems is frequently used. Sparrow et al. [12] introduced this method, but the results given by it are of uncertain
accuracy, as pointed out by Sparrow and Yu [13], and valid only for small £ in general. Currently, Anwar et al. [22] applied
the method of local non-similarity to solve the non-similar steady-state electrically-conducting forced convection liquid
metal boundary-layer flow with induced magnetic field effects. Anwar et al. [22] gave numerical results which are valid
only for small £ (0.25 < & < 2). Eswara and Nath [23] obtained numerical solutions for unsteady non-similarity forced
convection laminar boundary-layer flow over a moving longitudinal cylinder by using an implicit finite-difference scheme
in combination with a quasilinearization technique. However, it is pity that they gave only numerical results which seem
inaccurate for large values of £ and thus valid only for small £ (§ <« 1) in the finite time domain.

It seems hard to obtain analytic solution of unsteady non-similarity boundary-layer flows valid for all time. To the best
of our knowledge, no one has reported any analytic solutions of unsteady non-similarity boundary layer flows due to an
impulsively stretching flat sheet that are valid and accurate for all time. In 1992, a kind of analytic method, namely the
homotopy analysis method (HAM) [24,25], was developed to solve highly nonlinear problems. Different from perturbation
techniques [26], the homotopy analysis method does not depend upon any small or large physical parameters and thus
is valid for most nonlinear problems in science and engineering. Besides, it logically contains other non-perturbation
techniques such as Lyapunov’s small parameter method [27], the §-expansion method [28], and Adomian’s decomposition
method [29], as proved by Liao in his book [25]. The homotopy analysis method has been successfully applied to many
nonlinear problems [30-40]. In this paper, by means of the homotopy analysis method, the explicit series solution for
unsteady non-similarity boundary-layer flows caused by an impulsively stretching flat sheet is given.

2. Mathematical formulations

Liao [41] solved the steady non-similarity boundary-layer flows caused by a stretching flat sheets by means of homotopy
analysis method. Here, we further consider the unsteady non-similarity boundary-layer flows caused by impulsively
stretching flat sheets. Two equal but opposite forces are applied along the sheet so as to fix the origin of the coordinate axes.
The x and y axes are along and perpendicular to the sheet, respectively. The fluid far from the sheet is at rest. The velocity
variation across the flow direction is much larger than that in the flow direction, so that there exist a thin boundary-layer
near the sheet. The unsteady viscous boundary-layer flows developed by a stretching flat sheet is governed by the equations
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subject to the boundary conditions:

t>0: u=U,®x), v=0 aty=0 and u— 0 asy —> o© (3)
and the initial conditions

t=0: u=v=0 foranyx,y, (4)

where t denotes the time, v the kinematic viscosity coefficient of the fluid, u and v are the velocity components of the fluid
in x and y directions, respectively. When t < 0, both the fluid and plate are at rest. At t = 0, the plate suddenly has the
velocity u = U, (x). Let ¢ denote the stream function for all time, satisfying:

0 0
u= W and v = __W‘ )
ay x

Following Liao [41], we use the transformations:

¥ = VvloOf X, 1, ©)
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and

n= L, =—— and 1= t,
JVvio(x) 1+7 X

where o (x) > 0 is a real function to be chosen later. Then the governing equations (1) and (2) become
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subject to the boundary conditions
f(x0,8)=0, f,(x,0,¢) =Uy(x),  f(x,+00,¢)=0. (7)

Following Liao [41], let us consider the case U, (x) = U, (§), where £ = I"(x) is a given real function of x. By means of the
transformation
§ =1, (8)
we have
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Fre +§01(c§)f(,3—’72 +502(8) [%3_'72 - %anag} +
92 of 92 of 02 1—2¢)?
[P L W ] (=0
an? ac an? on acon 2
02 02
N PR
an? andg

o3(§)

where

[0 ()]
2

01(§) = . o) =T"®0’X), (10)

Uyyo2(x)
X

U, 1
03(§) = o2 (0) (U—w - ;) and  04(§) =

w

subject to the boundary conditions

f(€,0,5)=0,  f;(§,0,8) =Uy(&),  f(§,+00,5) =0. (12)
3. The analytic approach based on the HAM

3.1. Initial unsteady solutionat{ = 0

When ¢ = 0 (corresponding to the T = 0) Eq. (9) becomes the Rayleigh type of equation
03 02
an3 2 'on?
subject to

f€,0,00=0, f;(5,0,0)=Un(§), f(§,+00,0)=0. (14)

The exact solution of Eq. (13), by means of 04(£) as given in (45), is

FE,n,0) = U, [%—%ﬂ+n(l—erf(g))}, (15)

where erf(#n) is the Gaussian integral or probability integral, given by
2 o0
erf(n) = — / exp(—n*)dn.
77 Jo
Thus, when ¢ = 0, we have

3°f §
— =——, 16
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3.2. Steady-state solutionat { = 1

When ¢ = 1 (corresponding to the T — +00), we have from Eq. (9) that

0°f 0% of 0 of 9 1 _
8_+ 1($)f—+ 02(§) [%8_772_%81785]_ (17)
subject to the boundary conditions
f(€,0,1)=0, f(&,0,1)=U,©&), f(§, +o0,1)=0. (18)

For details, please refer to Liao [41] for the steady-state flows corresponding to ¢ = 1.

3.3. Series solution0 < ¢ < 1

Many previous studies show that the boundary-layer flows decay exponentially at infinity [42,43]. Further, Xu and
Pop [44] studied the unsteady boundary-layer flow started impulsively from rest along a symmetric wedge. Very recently,
Liao [41] gave the series solution on non-similarity boundary-layer flows caused by a stretching flat sheet. Following
Liao [41], Andersson [42], and Xu and Pop [44], we express f (£, 1, {) by a set of base functions

{g"cke™™ | n >0,k >0,m > 0} (19)
in the form
FEND=D D" a, £"cke™ (20)
m=0 k=0 n=0

where a . 1s the coefficient to be determined. Our boundary conditions (12) and solution expression defined by Eq. (20)
suggest us to choose the initial guess as

fo6,n,5) =U, )1 —e™") (21)
with the linear operator
_fof
f e oy (22)

which satisfies the property
QC[C] + Cze_" + C3e'7] =0. (23)

The zeroth-order deformation equation
From Eq. (9) we define a nonlinear operator N as
9F 9°F  OF d°F -9
———03(§)
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Let g € [0, 1] denote the homotopy-parameter and i # 0 the convergence-control parameter [45]. We construct the so-
called zeroth-order deformation equation

3 2

d0°F d0°F
NF = 8—773+§U1($)F8—772— 2(5)[

(24)

(M= q@LFE, 0,859 —fo§,n, O] = qhN[F(E, 1, &5 g, (25)
subject to the boundary conditions on the sheet

F(¢.0,5:9 =0,  Fi(§,0,8;:9) = Uy(8) (26)
and the boundary condition at infinity

F,y(§,+00,8;9) — 0. (27)

Note that fo (€, 1, ¢) satisfies the boundary condition equation (12). Clearly, when ¢ = 0 and g = 1, we have from Eq. (25)
that

F&,n,8;0)=fo&, 0,0 (28)

and

Fé&,n, &) =f&.n0). (29)
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Thus, as the homotopy-parameter q increases from 0 to 1, F(&, n, ¢) varies continuously from the initial guess fo (&, 1, ¢) to
the exact solution f (¢, 1, {) of Egs. (9) and (12). Assume that the convergence-control parameter fi is chosen properly that
the Taylor series of F(&, n, ¢) expanded with respect to the homotopy-parameter g, i.e.

+00
FE 0, ¢ q) =fo, 0,0+ Y fm(E 4", (30)
m=1
where
1 0™F(&,n, C;
fu(&,m, &) = —,W ; (31)
q q=0
converges at ¢ = 1. Then, we have from (28) and (29) that
+00
FEN O =foEn,0+ ) fnE 0, 0). (32)
m=1

Here, (30) is called homotopy-series and (32) is called homotopy-series solution, respectively.
The high-order deformation equation

Differentiating the zeroth-order deformation equation (25) m-times with respect to the homotopy-parameter q and
dividing the resulting expression by m! and then setting ¢ = 0, we have the mth-order deformation equation

L& 1. &) = Ymfno1E. 0. )] = MR (Fin1), (33)
subject to the boundary conditions on the sheet
a
fm =0, ﬁ:o, atn =0 (34)
an
and boundary condition at infinity
0
ﬁ—>O atn — oo, (35)
an
where
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fn 8fn 0 fm 1-n il fm—l—n
20— -2 36
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and
0, m<1,
Xm:{l m> 1. (37)
Letfx(&, n, ¢) denote a special solution of Eq. (33). We have
FaE.0.8) = Xmfno1(E. 0, 8) + LT R ()], (38)
where L~ denotes the inverse operator of L. Thus the solution of the high-order deformation equation (33) reads
[0, 80) =fr(E.n,8) 4+ C1 + Ge " + Cze”, (39)

where Cy, C; and Cs are determined by the boundary conditions (34)-(35). In this way, it is easy to get the successive solution
of the problem by means of symbolic software such as Mathematica, Maple and so on. The skin friction at the wall is given

by
Ty 2/v 0%f
IpU2(x) o (®UZ(0VT 01|,y
and the corresponding boundary-layer thickness §(x) is defined by

G = (40)

dx) = / u(x, y)dy. (41)
0

1
Uy (%)
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4. Result analysis

As Liao [41] mentioned that similarity solutions exist only in some special cases of U, (x). When a similarity solution
exists, the system of two coupled non-linear PDEs becomes an ODE. Following Schlichting and Gersten [46], the criterion
function for the existence of a similarity solution is

U, [
B Uw(x) 0

There is a similarity solution if A(x) is constant. There are an infinite number of sheet velocities U,, (x) that do not satisfy
the similarity criteria (42) and thus lead to the non-similarity boundary-layer flows.

Liao [25] proved that, whenever a homotopy-series solution (32) converges, it will be one of the solutions of the
considered problem. The convergence of the homotopy-series solution (32) strongly depends on the convergence-control
parameter h. The admissible value of fi for which the homotopy-series converges can be determined by plotting the so-called
fi-curves [25] or by plotting the square residual error versus . The square residual error of the original equation is

1 1 o0
E(h) = / / / IN()Pdndedz.
0 0 0

Enforcing

dE (h)
— =0, (43)
dh
we have an optimal value of hi corresponding to the least error. In this way, we get the best value of hi corresponding to the
minimum residual error of the original equation.

Without loss of generality, let us consider here the sheet stretching velocity U,, = x/(14 x), which tends to 1 as x — oo.
The stretching velocity U,, (x) increases monotonously from O to 1 along the sheet. Note that U, — xasx — Oand U,, — 1
as x — oo, respectively. Physically, the flows near x = 0 should be close to the similarity ones with U,, = x and also the
flows as x — +o00 should be close to the similarity ones with U,, = 1, respectively. For similarity flows with U,, = x and
U, = 1, the similarity variables are y//v¢ and y/+/vZx, respectively. Therefore, according to the definition of the variable
1, we choose o (x) = 4/1 + x, so that 5 tends to y//v as x — 0 and to y//vZx as x — 400, respectively. For the sake of
simplicity, we define

A(x) Uy (2)dz. (42)

X
§:F(X):1—+X (44)

which gives

1
Uw:%_’ O—'l(é):iﬁ 02(5):1_%_1 03(5):_1a and 0-4(%_):1 (45)

Note that our homotopy-series solution (32) contains convergence-control parameter i and the physical parameters & and
¢ (corresponding to ), “Regarding fi as un unknown parameter”, we plot curves of the square residual error versus fi, as
shown in Fig. 1. It is clear from Fig. 1 that the region for the convergence of the homotopy-series solution (32) is about
—3/2 < h < 0.We can find a proper value of fi from this range to ensure that the homotopy-series solution is convergent for
all the parameters in the whole domain0 < ¢ < 1,0 < & < 1and0 < 5 < oo correspondingto 0 <7 < 00,0 < x < 00
and 0 <y < oo, respectively.

Firstly, we check the validity and correctness of the analytic approximations obtained by the above-mentioned technique.
Besides, the convergence can be greatly accelerated by means of the homotopy-Padé technique. Excellent agreement is
found between the exact solution (15), homotopy-series solution (32) and the homotopy-Padé approximations. It is found
that when h = —1/2 and ¢ = 0 (or r = 0), our 15th order homotopy-series solutions and the [2, 2] homotopy-Padé
approximations agree very-well with the exact solution (15) in the whole domain 0 < £ < 1and 0 < 5 < oo, as shown
in the Fig. 2. We then consider f” (£, 0, 0), which relates to the local skin friction coefficient C; and thus has an important
physical meanings. It is found that f” (&, 0, 0) = —& /./7, which gives the results for unsteady similarity-flow for particular
value of £ = 1.

It is found that the local coefficient of skin friction for steady-state similarity flows tends to —2,/v/x as x — 0 and
—0.88754/v/x as x — o0. The boundary-layer thickness for steady-state similarity flows is 4/v in case of the U, (x) = x
and 1.61613,/vx in case of U,,(x) = 1.1t is seen from Figs. 3 and 4 that our homotopy-series solutions at T = 10 by means
of h = —1/2 agree very well with steady-state similarity boundary-layer flows in the case of U,,(x) = x and U,,(x) = 1. The
skin friction coefficient and boundary-layer thickness for the final steady-state solution (¢ = 1) is also shown in Figs. 3 and
4. It is seen that there is a good agreement between the results when we solve the full unsteady non-similarity boundary-
layer equations at T = 10 and with Liao’s [41] steady-state solutions at ¢ = 1. This agreement is taken as a verification of
the present analytic approach.



N. Kousar, S. Liao / Nonlinear Analysis: Real World Applications 12 (2011) 333-342 339

10° F
i 1st order
L — — — —  2nd order
10" e 3rd order
- 4th order
R s
- i ,//
= /o
2 10°F o/
g /
3 /
B O\ ;
N / ’/ /
10° k AN / /
= \\\\ N / Y
- \\ \\\ / // /
i \§‘< /\\ Vi /
i ~as )
-2 -1.5 -1 -0.5 0
h

Fig. 1. Square residual error versus convergence-control parameter h.

177 (0,0)

Fig. 2. Comparison of the exact solution (15) with homotopy-series solution (32) and homotopy-Padé approximations when ¢ = 0 by meansof i = —1/2.
Solid line: exact solution (15); Squares: 15th order homotopy-series solution (32); Circles: [2, 2] homotopy-Padé approximations.

Table 1
Square residual error of Eq. (9) when i = —1/2.
Order of approximation Residual error
1st 0.033080
3rd 0.004338
5th 0.000666

In general, we can substitute the series solutions into the governing equations and evaluate the square residual error so
as to check the convergence of the solutions. Table 1 shows the square residual error of Eq. (9). It is seen that by increasing
the order of approximation the square residual error is decreasing. This indicates that our HAM series solution is convergent.

Fig. 5 represents the variation of the skin friction coefficient with . It is noticed that the values of —C;//v decrease as
the t increase. It is also noticed that due to impulsive motion, the skin friction has large magnitude for small time { = 0
(r — 0) after the start of motion, and it decreases monotonically and reaches steady-state values at ¢ = 1(t — o0).
Fig. 6 shows the effect of T on the boundary-layer thickness. It is clear from Fig. 6 that the effect of time on the boundary-
layer thickness is just opposite. Therefore, there is a smooth transition from the small time to the large time solution. The
homotopy-Padé technique is used to accelerate the convergence of the homotopy-series solutions. It is found that our 15th
order homotopy-series results have excellent agreement with the [6, 6] homotopy-Padé approximations. Hence, we get
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Fig. 3. Comparison of skin friction coefficient of the homotopy-series solution (32) at t = 10 when i = —1/2 with Liao’s steady-state results [41]. Solid

line: 15th-order Liao’s results [41]; Symbols: 15th-order homotopy-series solution (32) at T = 10; Dashed-line: Gy = —2.,/v/x for steady-state similarity
flow with U,, = x; Dash-dotted line: (; = —0.8875./v/x for steady-state similarity flow with U,, = 1.

2
10° Solid line: 15th order Liao’s results [52]

L Symbols: 14th order homotopy-series solution (32) at T=10

- Dashed line: steady-state similarity flow with U, = x

| Dash-dotted line: steady-state similarity flow withU,, = 1
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Fig.4. Comparison of boundary-layer thickness of the homotopy-series solution (32) at t = 10 when i = —1/2 with Liao’s steady-state results [41]. Solid

line: 15th-order Liao’s results [41]; Symbols: 15th-order homotopy-series solution (32) at T = 10; Dashed-line: §(x) = /v for steady-state similarity flow
with U,, = x; Dash-dotted line: §(x) = 1.61613,/vx for steady-state similarity flow with U,, = 1.

purely analytic solutions of the unsteady non-similarity boundary-layer flows caused by an impulsively stretching flat sheet
which are accurate and uniformly valid for all dimensionless times 0 < t < oo in the whole spatial region 0 < x < oo and
0 <y < oo by means of the homotopy analysis method (HAM).

5. Conclusion

In this paper, a system of non-linear partial differential equations is solved analytically by means of the HAM. An auxiliary
artificial parameter is used to ensure the convergence of the homotopy-series solution. We use new time scaling to the
impulsively stretching flat sheet as compared to the Williams and Rhyne [47] time scaling. The new time scaling avoids
the appearance of the singularity resulting from the logarithmic function In(1 — &) as discussed by Xu and Pop [44].
Different from the previous analytic results, our homotopy-series solutions are convergent and valid for all dimensionless
time 0 < 7 < oo in the whole domain 0 < x < oo and 0 < y < o0. The effect of dimensionless time t on the skin friction
coefficient and boundary-layer thickness is analyzed. To the best of our knowledge, such a kind of analytic solution has never
been reported in the literature. This approach is general and thus can be applied to get the accurate analytic solutions of the
other unsteady non-similarity boundary-layer flows which are uniformly valid for all time.
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Fig. 6. Displacement thickness for different values of ¢ by means of i = —1/2. Squares: 10th-order approximation of §(x) when t = 0.01; Filled squares:

10th-order approximation of §(x) when t = 0.05; Circles: 10th-order approximation of §(x) when t = 0.1; Filled circles: 14th-order approximation of
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