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HIGHER-ORDER STREAMFUNCTION-VORTICITY
FORMULATION OF 2D STEADY-STATE NAVIER-STOKES
EQUATIONS

S. J. LIAO*
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SUMMARY

Based on regular boundary element method and a kind of linearity invariance under homotopy, a kind of
numerical scheme of 2D steady-state Navier—Stokes equation in streamfunction—vorticity formulation is
described. The flow inside a square cavity is used to illustrate this numerical scheme.
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1. INTRODUCTION

Boundary element techniques in solving Navier-Stokes equations' ~* have developed very
quickly in recent years. The fundamental solutions have been found for steady and unsteady
incompressible viscous flow via integral formulations with primitive variables, as mentioned in
References 8 and 9. The boundary element methods of solving both steady and unsteady
Navier—Stokes equations in streamfunction—vorticity formulation were presented in References
6 and 7. The latter is based on a set of fundamental solutions providing a complete coupling
between the streamfunction and vorticity equations, so that iteration is not needed in the case
Re=0. The non-linear terms are considered as inhomogeneities and treated by simple direct
iteration, but this numerical scheme seems unstable for Reynolds number greater than 300, as
mentioned in Reference 7.

Perhaps, the divergence in the case of Re>300 comes from the simple direct iteration. We
know that nearly all iterative models are more or less sensitive to the initial solutions. In the case
of strong non-linearity, the initial solutions obtained generally from the corresponding simplified
linear problem are often far from the exact solution, so that more attempts must be done in order
to make the iteration convergent.

The author has tried to avoid iteration in solving non-linear problems in order to make
numerical schemes insensitive to initial solutions. In Reference 10, the process of the continuous
change of homotopy is investigated and a kind of linear property of homotopy is described.
A numerical method, namely the finite process method, is obtained by discretizing this continu-
ous-change process of homotopy in the imbedding region. By means of the finite process method,
we can indeed avoid the use of iterative techniques in solving non-linear problems, although
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much CPU time is needed. A more thorough study reported in Reference 11 shows that the finite
process method can give a family of iterative formulas, which are more insensitive to the initial
solutions than other simple iterative models and, therefore, can be seen as iterative models at
higher orders. In fact, the more complex the formula in this family, the more insensitive it is to the
initial solutions. In the limiting state, no iteration is necessary. So, iteration seems to be a special
case of the finite process method.

In this paper, the linear property of homotopy is applied to give a numerical model of 2D
steady-state Navier-Stokes equation in streamfunction—vorticity formulation. Instead of dis-
cretizing a homotopy in embedding domain, pe[0, 1], as mentioned in Reference 10, we analyse it
by Taylor’s series. A higher-order streamfunction-vorticity formula of the boundary element
method of 2D steady-state Navier-Stokes equations is given. As an example, the flow inside
a square cavity is used to examine the numerical scheme. The results are obtained for the case of
Re> 300.

10-12

2. MATHEMATICAL FORMULATION

Two-dimensional steady flow of an incompressible Newtonian fluid is formulated in terms of the
streamfunction (y) and the vorticity (w) as follows:

oy dw Y dw
2w=Re| - ———— = 1
Vie= Re(ay ax  ox 6y> @
VY +w=0, 2
with boundary conditions
Y=y, onT, (3)
oy (oY
—={— I. 4
on (an )b on ( )

The above equations are expressed in dimensionless form. Re=pv,L/u is the Reynolds number
expressed in terms of a characteristic length L and a characteristic velocity v,. The two
independent co-ordinates x and y have also been made dimensionless.

For simplicity, let

h(x, y)=Re <%g—§:—% %) (5
From equations (1){4), we can construct a new system of equations as follows:
V2a(x, y; p)=ph(x, y; p)+(1—p)V?wq(x, y), (6)
V23 (x, y; p)+@(x, y; p)=(1—p)[V2¥o(x, Y) +wo(x, y)], ]
with boundary conditions
Y (x, y; P)=pYr+(1—p)¥o onT, ®
6-//(:;,” y:p) _ (W) e )5\110 onT, ©)

where

.| W(x, y;p) 0w(x, y; p) Y (x, y; p) dw(x, y; p)
h(x, ; p)=Re [ dy ax  ox dy ]’ (10)
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and wy(x, y) and o (x, y) are either the known approximate solutions or the solutions in the case
Re=0. Note that the streamfunction  and vorticity w in equations (6)+9) are dependent not only
on the original variables x, y but also on the embedding variable pe[0, 1].

When p=0, we obtain from equations (6}-(9) the initial equations as follows:

V2a(x, y; 0)=V2wo(x, y), (1)
V2 (x, y; 0)+olx, y; 0)= VYo (x, y) +wo(x, y), (12)
with the corresponding boundary conditions
¥(x,y;0=¢o onT, (13)
oY (x,5,0) oo
P I. (14)

So, Yolx, y) and wq(x, y) are just the solutions of the initial equations (11)-14), called the initial
solutions.
When p=1, we have the final equations as follows:

Via(x, y; 1)=h(x, y; 1), (15)
V2§ (x, y; 1)+ o(x, y; 1)=0 (16)

with the corresponding boundary conditions

Yy )=y onT, (17)
Wx,y1) (oY
GLE _(%)b onT. (18)

For convenience, let ¥¢(x, y) and w,(x, y) denote the solutions of the non-linear final equations
(15)(18), called the final solution. Clearly, the final equations (15)«(18) are the same as the original
equations (1)4). So, the final solutions ¥¢(x, y) and w¢(x, y) are just what we want to know.

Let &, denote the initial equations (11)}{14), & denote the final equations (15)-18). Clearly,
equations (6)9) connect the initial equations &, with the final equation &;. The process of the
continuous change of p from zero to unity is just that of the continuous deformation from initial
equations &, to final equations &;. So, equations (6}{9) construct, in fact, a homotopy
&(p): &y~ &y, &, and &, are called homotopic in topology.

Suppose that equations (6)+9) have solutions at any pe[0. 1]. Then, equations (6)9) connect
also the initial solutions ¥ (x, y) and wo(x, y) with the final solutions y(x, y) and w¢(x, y) by the
embedding variable p. The process of the continuous change of p from zero to unity is also just the
process of w(x, y; p) and Y(x, y; p) from the initial solutions wo(x, y), Yo(x, y) to the final solutions
we(X, ), Ye(x, y). Thus, Yo(x, ¥) and y(x, y) are also homotopic, and so are we(x, y) and w(x, y),
denoted, respectively, as Yo (x, y) = (x, ¥) and o, (x, y)=we(x, y).

So, equations (6)H9) construct in fact, two kinds of homotopy. One is for equations,
&£ (p):€,=&;, and the other is for the functions (solutions), ¥ (x, y; p): ¥o(x, y) >y (x, y) and
a(x, y; p) : we(x, y)=w(x, y). For convenience, we call equations (6}«9) the zero-order process
equations.

Suppose ¥(x, y; p) and w(x, y; p) have Mth-order partial derivatives with respect to p at p=0,
denoted as follows:

*w(x,y:p)
wl(x, y)=—a , 19
0 ( y) apk on ( )
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a s k]
W p=TEE5B| 20
P p=0
For simplicity, call o¥(x, y) and y¥(x, y) the kth-order process derivatives of vorticity and
streamfunction at p=0, respectively.
Suppose w(x, y; p), ¥(x, y; p), @™(x, y; p) and y¥(x, y; p) (k> 0) exist and are continuous. Then,
according to Taylor’s theory, we have
2 wbl(x,y)
w(x, y; p)=a(x, y, 0)+ Z °—,£,—p"

© [k]
= wo(x, y)+k2 (’" D g @1

'llé"(x, Y) .
Tk F

Y (x, Y5 (x, y) >~

V(x, 3 P)=y(x, 5, 0)+ Z

=olx, )+ Z (22)
=1

For convenience, call the above expressions Taylor's homotopy series. Clearly, Taylor’s series have

generally a finite radius p of convergence. If the radius p of convergence is equal to or greater than

unity, then a kind of relation between wo(x, y), Yo(x, ¥) and w¢(x, y), Y¢(x, y) can be given in the

form of process derivatives as follows:

@© [k]

ons yy=aox 1+ 3 2ED, 3
[k}

el ) =Volx, )+ T Vo Ve, (24)

The above two expressions give a kind of relation between the initial solutions ¥ (x, y), @o(x, y)
and the final solutions ¥(x,y), w¢(x,y) by means of the kth-order process derivatives
Y®¥(x, y), 0¥(x, y) (k=1,2, ..., o). We call this kind of relation Taylor’s series relation under
homotopy.

The equations of the kth-order process derivatives w(x, ) and y§(x, y) can be obtained in
the following way.

Differentiating equation (6) k times with respect to p, we have

o
V2 p = LAy (1 =PV 00(x, )]

a Ak
i k —i
-5 (k)-‘a—( )m’—”—’ DV200(x, 3)

i=0
&~ th(x, y; p)

aph_ 1 —Dkvsz(x’ .V), (25)

ah
=p— h N k
p 57 [hx 33 1+
where

(26)

D= 10 when k=1,
*~100 when k>1.
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At p=0, we obtain from equation (25) that
k—1
a pk -1
=hy(x, )= D, V:wo(x, y) (k=1),

Violl=k [h(x, y; P)]lp=0—DiVZwo(x, )

where

hl(x’ y):Re(.a% %_%%)

S0\ (el oyl dwlmt 0
h"(x’Y)—kRez<k— )(6y > ox dy

i=0

) (k>2).

Differentiating equation (7) k times with respect to p and then setting p=0, we have

ViYB(x, y)+ 0¥ (x, y)= — Du(V2¥o + wo).

Similarly, from boundary conditions (8) and (9), we can easily obtain

Y8(x, y)=Di(Yp— o) onl, k21,
'/’ y(x, y) L ANRALD
e =D, [<6n>b n ] onl, k=1.

The system of equations (27) and (30)}+32) is called the kth-order process equation (k= 1).

Define
@5 (x, )=, y)+ Diwo(x, y) (k=1),
YR, Y =yR(x, Y)+Dio(x,y)  (k=1).

599

@7

(28)

(29)

(30)

(31

(32)

(33)
(34

Then, according to equations (27) and (30}+32), @%¥(x, y) and y¥!(x, y) can be described in the

same form as follows:
V2a(x, y)=h(x, y), k=1,
VZR(x, y)+ao¥x, y)=0, k=1,

with boundary conditions

lpg‘:':Dkl/Ib on r’ k>la
70kl
s =D, hd onT, k>1.
on on b

(33)
(36)

(37)

(38)

Perhaps, it should be emphasized that h(x, y) (k=1, 2, . . ., o0) are just functions of Y4 (x, y) and
ofl(x, y) for i=0, 1,2, ..., k—1. Therefore h(x, y) is known in solving ®¥(x, y) and ¢¥(x, y).
Note that the above equatxons are linear in ®%(x, y) and Y¥(x, ). According to Reference 7,

equations (35)38) can be written in the form of a boundary integral as follows:

ool
§<Gm o -"‘] )dr J.J‘ h G, dQ+ a(&) oW (&),
r

(39)
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and

k] 5k
(o B ()
r

” G, dQ+a(§)[05'(©) +¥ (%), (40)

where Q is the domain of fluid flow, I is the boundary of Q and the integrations are performed
with respect to r. The parameter a(£) is a geometric factor with the following values, depending on
the location of &:

1 if £ef,

a(é)={ 0 if £eQe, 41)
0/2n if &eT,

where Q° denotes the exterior of the domain €, excluding its boundary T. 6 is the angle formed

between the tangents to the beundary at point £, approaching it from each side. For points at

which the boundary is differentiable, 6=mn.
G, and G, are fundamental solutions which satisfy, respectively, the following equations:

VG,=—6@r—¢), “42)
V3G, +G,=—6(r—¢). 43)
According to Reference 7,
G,=— % Inr 44
G¢=——1-lnr+ﬁ(lnr—1). 45)
2n 87

Subtracting equation (39) from equation (40), we have

§ (Fo 8-t Z*)ar+ (6, %2 g e )ar [ mrenraoibe. o
r n o

where

F‘,=G*—Gm
2

=§1_t (nr—1). @n

According to equations (39) and (46), we obtain

—a(c)w‘"(c)+§ ( "an o 20e )dr f f hG.,dQ, 48)

k]
—a(¢)¢%1(¢)+3§( a;’m ot oF *)dr ” hF, dQ— 35( a"' gt D )dr. 9)
r

Substituting boundary conditions (37) and (38) into the above equations, we obtain

—a(é)wl”(¢>+§ (Gm 008 _ g ai) dr= U hG. dQ, (50)
r on on 0
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(x
~aoia+$ (k22 -t % Var=[[ mrya0-0§ [6.(%) -5 ar
r n Q r
61

According to equation (41), if £€Q° then a(£)=0. Thus, for points in the exterior of the domain
Q, excluding the boundary I', we have

1]
§ <Gw a“;’° — @ @> dr= f f hG.,dQ, (52)
r n
da . oF, oy 3G,
é_ (F‘, n — Mg n dI'= h,,F‘,dQ D,, ,,,( —'.l’b I dr, (53)
These are the equations for the determination of both @* and d&™/on (k=1,2,3,..., o) on

boundary I'. Note that the points £ are now in the exterior of the flow domain Q, so that the
integrals on boundary I" appearing in the above two equations are regular. This is the basic idea
of the regular boundary element method described in detail in Reference 5. Note that both @™*!
and d™/on on boundary I' are now as unknowns, so that no boundary conditions about
vorticity are necessary. This is one of the advantages of this method.

Note that, after discretizing the above two equations by the regular boundary element method,
the matrix of the set of the corresponding linear algebraic equations is the same in solving @™ and
0™ /dn for any k> 1. Thus, once its inverse matrix is obtained, it can be stored and then used
again and again. Then a little more CPU time of computer is needed to solve the corresponding
sets of algebraic equations. This is especially important in case many similar linear problems must
be solved.

Once @} and 6@%)/on on the boundary I' are known, then according to equations (50), (51)
and (41), we can obtain @', Y% in the domain Q:

k]
SB(x, y)= éﬁ( 905" _ o f7—@“’—)«11“— f f G d, (54)

FW(x, y)= §(F,, o’ a')["]a; *)dr J f hkF¢dQ+D,‘§ [G (aw) v, 2 = ]dr. (59)

If the Taylor’s homotopy series of ¥(x, y; p), w(x, y; p) have the radius of convergence equal to
or greater than unity, then according to equations (23) and (34), the final solutions at Mth-order
of approximation are as follows:

wr(x, Y) 2 wolx, y) + i wg‘l(x, y)

~ i w%"(x a8, ) s
belx, 2 volx, y)+; ""”(x' ¥8'ex, y)

. Z »/z"‘l(x 9 -

But unfortunately, the radius p of convergence is generally less than unity. In this case, we can
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obtain the results only at p=4A<p <1, as follows:

M

(k]
o(x, v, D xwo(x, )+ Z ‘ﬂ—("—y’ﬂ

M (3]
x(1—Awo(x, y)+ Z —[Ml" (58)
Vv Dbt )+ Y Y "‘ Yolt )
k=1
(3]
~ (1= Aolx, )+ z V) o 59

Clearly, the above approximate solutions are better than the initial solutions wy(x, y) and
Yo(x, y). So, they can be used as the new initial solutions to make a new similar computation. This
is the basic idea of iteration. Formulas (58) and (59) give a family of iterative models. Clearly, the
larger the M, the more complex is the corresponding iterative model. When M =1, it is just the
same as SOR model mentioned in Reference 7. This means that the above formulas can be seen as
a kind of higher-order iterative model for 2D Navier-Stokes equations. Note that if the initial
solutions wy(x, y) and Y,(x, y) are just the exact solutions of the original equations, then
o¥(x, y)=0 and y§'=0 for any k> 1, so that the radii p of convergence of the corresponding
Taylor’s homotopy series are infinite. It is obvious that a couple of better initial solutions would
be corresponding to a greater radius p of convergence. So, the radius p of convergence would be
greater and greater in the process of iteration.

Perhaps, it should be emphasized again that the kth-order process equations (k > 1), consisting
of equations (27) and (30)~(32) are linear in w¥(x, y) and y¥(x, y) (k> 1), although the original
equations (1}-(4) and the zero-order process equations (6)}(9) are non-linear. Generally, any
kth-order process equations (k> 1) are linear in their corresponding kth-order process derivatives.
This is an important invariance under homotopy. An abstract mathematical proof about it has
been given in Reference 11. In Reference 10, we discretize the first-order process equation in
process domain pe[0, 1]; but in this paper, we analyse the continuous process of homotopy at
p=0 by Taylor’s series. So, we call this method the process analysis method. Other applications of
it have been given in References 11 and 12.

3. SIMPLE APPLICATIONS

In order to examine the numerical scheme described above, consider the flow inside a square
cavity whose upper lid is moving at a constant velocity. The geometry and the corresponding
boundary conditions are shown in Figure 1.

Let the number of boundary elements on each side be the same, denoted as N. For convenience,
let N be an even number. The co-ordinates of node points on the upper and the lower side are as
follows:

(/ k\9
<ﬁ> +eCy (k=0,1,2,...,N/2-1),

x.=< 12 (k=N/2), (60)
\1—(1—-115)"—86',‘ (k=N/24+1,N/2+2,...,N),
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Yv=0 %%:0

Figure 1. Geometry and boundary conditions for viscous flow inside a square cavity

where

1 when k=0 or k=N,
Ce= {0 otherwise, (61)
with y, =0 for lower side and y,=1-0 for upper side and where ¢=0-0001 is a small quantity.

In a similar way, the co-ordinates of node points on the left and the right side are as follows:

([ k\4
(ﬁ) +¢Cy (k=0,1,2,...,N/2-1),
ye={ 172 (k=N/2), ©)
1—(1—£)q—8C,‘ (k=N/2+1,N/2+2,...,N),
\ N

with x, =00 for the left side and x,=1-0 for the right side.

Here we use two nodes close to each other at the corners, one belonging to each side. This
technique, called the double-node approach in Reference 5, is applied in order to treat the
singularity at each corner.

We use linear boundary elements for both @™* and d®™/én on boundary I'. Similar to
Reference 5, we locate the singular points outside the domain of the square cavity so that the
integrals on boundary are regular. The domain of square cavity is discretized into N x N small
regions, where the volume integrals are computed by four-point Gauss numerical integral
method.

Note that the solutions in case Re=0 can be obtained without iteration in the same way as in
Referernice 7. In all cases of Re >0, we use the solutions for the case Re=0 as the initial solutions.

All results given in this paper are obtained for the case N =26. So, we have (26 + 1) x 4=108
nodes and 216 unknowns. We use formulas at second-order of approximation, i.c. we let M =2 in
equations (58) and (59). If the relative error (f™*!—f™)/f™<5%, then iteration is stopped.
Double precision variables are used in our computer program.



604 S.J. LIAO

The convergent results are given in Table 1. The contours of streamfunction ¥ and vorticity
o and the velocity distribution of U at x=0-5 and V at y=0-5 are shown, respectively, in Figures
2-13. Comparing the above results with those given by other researchers, they seem reasonable.

Note that the formulas in case M =1 are the same as those given in Reference 7, which are
unstable for Reynolds number greater than 300, as mentioned in Reference 7. In case Re =400,
q=1-050, 1=0-20 but M =1, we find that the corresponding iteration is really divergent. But, as
shown in Table I, we obtain convergent results for the case of 0< Re <2000 by using formulas at
second order of approximation. This is so mainly because the formulas at second order are more
accurate than those at first order. This can be easily understood from the viewpoint of Taylor’s
expansion. So, expressions (58) and (59) can be seen as higher-order iterative formulas. In fact,
expressions (58) and (59) can give a family of iterative formulas at different orders of approxima-
tion M.

It seems that the radius p of convergence of the Taylor’s homotopy series [equations (21) and
(22)] would decrease with the increase in Reynolds number. For a higher Re, we must use smaller

converged result in case of Re = 0

Figure 2. Contour of streamfunction y in the case Re=0

Table 1. Convergent results of steady viscous flow in a square cavity (M =2)

Re q A Iteration times W, /8 X Ve
0 1-000 1-000 0 3245 0-0991 0-500 0-769
100 1-050 0-850 15 3336 0-1054 0-367 0-748
200 1-050 0-350 18 2:686 0-1057 0-405 0672
400 1-050 0200 45 2-3t1 0-1089 0-444 0-633
1000 1-050 0-050 129 2026 0-1092 0444 0-595

2000 1-050 0-025 373 1-898 0-1068 0-500 0-556




converged result in case of Re = 0

gg

K\ 0.5 oﬂ

Figure 3. Contour of vorticity w in the case Re=0

Figure 4. Velocity distribution U at x=0-5 in the case Re=0
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- V -- AT Y = 0.5
Re = O

Figure 5. Velocity distribution ¥ at y=0-5 in the case Re=0

converged result in case of Re = 400

Figure 6. Contour of streamfunction ¥ in the case Re=400



converged result in case of Re = 400

| k/vlo o B4
00

Nt
2,

0.0_
100

aurd

Figure 7. Contour of vorticity o in the case Re=400

Re = 400

Figure 8. Velocity distribution U at x=05 in the case Re=400
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- V -- ATY - 0.5
Re = 400

Figure 9. Velocity distribution V at y=0-5 in the case Re=400

converged result in case of Re = 1000

Figure 10. Contour of streamfunction ¥ in the case Re=1000
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converged result in case of Re = 1000

LN =20 ~1d &

Figure 11. Contour of vorticity w in the case Re=1000

o
I T 1 | ¥ p
-1.00 -0.60 -0.20  0.20 0.60 1.00

Uu--ATX =-0.5
Re = 1000

Figure 12. Velocity distribution U at x=0-5 in the case Re=1000
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- V -- AT Y = 0.5

Re = 1000

Figure 13. Velocity distribution V at y=0-5 in the case Re= 1000

A<p<1 in order to let iteration convergent. We know many researchers use a relaxation
parameter smaller than one in their iterative procedures of Navier-Stokes equation to obtain
convergent results. This can be easily explained from the viewpoint of the radius of convergence of
the corresponding Taylor’s homotopy series described in this paper.

Many researchers treat the non-linear terms of Navier—Stokes equations as inhomogeneities.
But from the viewpoint of homotopy, the treatment of the non-linear terms described in this
paper seems more natural.

For each value of Reynolds number, we use only a constant value of A in iteration. Clearly, the
radius p of convergence of the corresponding Taylor’s homotopy series [equations (21) and (22)]
would be greater and greater in the process of iteration by modifying successively the initial
solutions so that the value of 4 would be increased progressively. So, if we increase progressively
the value of 4 in iteration, less iterations are needed.

The matrix and its inverse matrix of the corresponding set of linear algebraic equations should
be computed only once so that a little more CPU time is needed to obtain solutions of the
corresponding set of linear algebraic equations. In fact, nearly 90% CPU time is used to compute
the integrals in domain Q. We know that integral is suitable for parallel computation. So, if we
could develop a kind of sufficiently effective parallel computer, this boundary element method
should be powerful in solving Navier-Stokes equations

In this paper, we obtain convergent results in cases Re=0-2000. We believe that the results for
the case of much higher Re could be obtained if we apply iterative formulas at higher orders of
approximation and use finer numerical nets.
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4. CONCLUSION

In this paper, we derive a kind of higher-order iterative model of a regular boundary element

m

ethod in solving 2D steady-state Navier-Stokes equations in streamfunction—vorticity formula-

tion by applying a kind of linearity invariance under homotopy. The formulas at lowest order of
approximation are the same as those given in Reference 7, which are really divergent for Re> 300.

H

owever, using the formulas at second order of approximation, we obtain convergent results for

0< Re<2000. We believe that convergent results for the case Re> 2000 could be obtained if we
apply iterative formulas at higher orders of approximation and use finer numerical nets.
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APPENDIX: NOMENCLATURE

G, Gy fundamental solutions of 2D Navier-Stokes equations
P embedding variable of homotopy

q parameter for distribution of node points on boundary
M order of approximation

Re Reynolds number

uv velocity in x and y direction, respectively

Greek letters

r boundary of Q
P radius of convergence
¥ streamfunction
d
/9 (a—'ﬁ) boundary conditions of streamfunction
b
w vorticity
Q domain of fluid flow
Q° exterior of domain Q

PNVt S )

REFERENCES

. P. K. Banerjee and L. Morino (eds), Boundary Element Methods in Nonlinear Fluid Dynamics—Developments in
Boundary Element Methods Elsevier, London, 1990.

. C. A. Brebbia, The boundary Element method for Engineers, Pentech Press, London, 1978.

. C. A. Brebbia (ed.), Topics in Boundary Element Research, Vol. 5: Viscous Flow Applications, Springer, Berlin, 1989.

. M. B. Bush and R. 1. Tanner, ‘Numerical solutions of viscous flows using integral equations methods’, Int. j. numer.
methods fluids, 3, 71 (1983).

. C. Patterson and M. A. Sheikh, ‘A regular boundary element method for fluid flow’, Int. j. numer. methods fluids, 2, 239
(1982).

. H. A. Rodriguez-Prada and A. E. Adez, ‘A boundary element solution of the streamfunction—vorticity formulation of
the Navier-Stokes equations’, in C. Taylor and M. M. Hafez (eds), Numerical Methods in Laminar and Turbulent Flow,
Vol. V, Pineridge Press, Swansea, 1987.

. H. A. Rodriguez-Prada, F. F. Pironti and A. E. Saez, ‘Fundamental solutions of the streamfunction—vorticity
formulation of the Navier-Stokes equation’, Int. j. numer. methods fluids, 10, 1 (1990).

. N. Tosaka and K. Kakuda, ‘Numerical solutions of steady incompressible viscous flow problems by integral equation
method’, in R. P. Shaw et al. (eds), Proc. 4th Int. Symp. Innov. Num. Methods Eng., Springer, Berlin, 1986, p. 211.



612 S. J. LIAO

9. J. C. Wu, ‘Fundamental solutions and boundary element methods’, Eng. Anal., 4, 2 (1987).
10. S.J. Liao, ‘A general numerical method for the solution of gravity wave problems. Part 1: 2D steep gravity waves in
shallow water’, Int. j. numer. methods fluids, 12, 727-745 (1991).
11. 8. J. Liao, ‘A kind of linearity-invariance under homotopy and some simple applications of it in mechanics’, Report
No. 520, Institute of Shipbuilding, University of Hamburg, January 1992.
12. S. J. Liao, ‘A second-order approximate analytical solutions of a simple pendulum by process analysis method’,
J. Appl. Mech. (to appear).



