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GENERAL BOUNDARY-ELEMENT METHOD
FOR UNSTEADY NONLINEAR HEAT
TRANSFER PROBLEMS

Shi-Jun Liao and Allen T. Chwang
Departm ent of Mechanical Engineering, The University of Hong Kong,

Pokfulam Road, Hong Kong

( )The general boundary-element method BEM for strongly nonlinear problems proposed in

[ ] ( )1 ± 3 is further applied to solv e a two-dimensional 2D , unsteady, nonlinear heat transfer

problem in the time domain, gov erned by the parabolic heat conduction equation with

temperature-dependent thermal conductiv ity coefficients that are different in the x and y

directions. This article shows that the general BEM is v alid to solv e ev en those nonlinear

unsteady heat transfer problems whose gov erning equations do not contain any linear terms

in the spatial deriv ativ es. This demonstrates the v alidity and the great potential of the

general BEM.

INTRODUCTION

Let us conside r a 2D, unsteady, nonlinear heat transfe r problem with inho-

moge neous materials in the time domain, gove rned by

  u   u  u
s . s . s . s .k u q k u q S x, y, u y s 0 x, y g V , t 0 01 2 x  x  y  y  t

s .1

with boundary conditions

s . s .u s g x, y, t x, y g G , t 0 01 1

s .2 u
s . s .s g x, y, t x, y g G , t 0 02 2 n

and the initial condition

s . s . s . s .u x, y, 0 s g x, y x, y g V 30

s . s . s .where u x, y, t denotes the temperature distribution, k u and k u are the rmal1 2

s .conductivity coefficients in the x and y dire ctions, S x, y, u is the heat source
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NOMENCLATURE
n

k the rmal conductivity coe fficient u temperature distribution at the n th

k , k the rmal conductivity coe fficients in the time ste p1 2
n

x and y dire ctions u temperature distribution at the n thi, j

s .p auxiliary variable time step at position i D x, j D y

S he at source term Q a kind of homotopy

t time r convergence radius

s .x, y spatial coordinate s w auxiliary function defined by Eq. 6

g the rmal absorptivity v fundamental solution

G boundary of the spatial domain V V spatial domain of the temperature

u temperature distribution distribution

s .term that is also dependent on temperature u x, y, t , V is the domain of the

temperature distribution, G s G j G denotes the boundary of the domain V , and1 2

s . s .t denotes time . All variable s in Eqs. 1 ] 3 are nondimensional.

s . s . s . s .If k u s k u s 1 and S x, y, u s 0, Eq. 1 is a linear diffusion problem1 2

s .that can be solved by the classical boundary ] element method BEM based on

w x w xtime -dependent fundamental solutions 4, 5 or the Laplace transformation 6 .

s . s . s . s .When S x, y, u s 0, k u s k u s k u and the temperature distribution u is1 2

s .independent of t, Eq. 1 becomes a steady-state one,

  u   u
s . s . s . s .k u q k u s 0 x, y g V , t 0 0 4

 x  x  y  y

w xwhich can be rewritten by the Kirchhoff transformation 7 as

2 s . s . s .= w x, y s 0 x, y g V , t 0 0 5

where

u
s . s . s .w x, y s k u d u 6H u 0

s . s . s .Equation 5 can also be solved by the classical BEM. Howeve r, when k u / k u1 2

and the process is unsteady, the above -mentioned technique s based on the Kirch-

hoff transformation or the time -dependent fundamental solution are invalid. In

s .this case , one can try to move all the nonlinear te rms of Eq. 1 to the right-hand

side and then find the fundamental solution of the linear operator still remaining

on the le ft-hand side . This kind of BE M approach implies that both the linear

operator and the corre sponding fundamental solution are ve ry important and

absolute ly necessary for the classical BEM. Howe ver, the re exists a possibility that

nothing is left on the left-hand side afte r moving all the nonlinear terms to the

right-hand side of the equation. For example, when the the rmal conductivity

s . s .coefficients k u and k u are not only dependent on temperature u but also1 2

different in the x and y dire ctions, say,

s . s . s . s . s . s .k u s exp a u k u s exp a u a / a 71 1 2 2 1 2
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s .then nothing is left on the left-hand side of Eq. 1 afte r moving all nonlinear te rms

s .and the heat source te rm S x, y, u to the right-hand side . In this case , the classical

BEM for nonlinear problems does not work at all. Therefore, it is nece ssary to

deve lop a more ge neral BEM that works we ll eve n in the above-mentioned case .

w x w xLiao 1 and Liao and Chwang 2 proposed a ge neral BEM for nonlinear

w xproblems. This gene ral BEM was applied by Liao and Chwang 3 to solve a 2D

steady nonlinear heat transfe r problem with inhomoge neous mate rials, governed by

the dimensionle ss equation

  u   u
s . s . s . s . s .k u q k u q S x, y s 0 x, y g V 81 2 x  x  y  y

It should be noted that when

s . s . s . s . s .k u s exp a u k u s exp a u a / a1 1 2 2 1 2

s .nothing is left on the le ft-hand side of Eq. 8 afte r moving all the nonlinear te rms

s .and the known heat source te rm S x, y to its right-hand side. Even under this

circumstance , the ge neral BEM was successfully applied to solve the nonlinear

heat transfe r problem. In this article , we further extend the approach of Liao

w x s .and Chwang 2 to solve the above -mentioned unsteady nonlinear parabolic

heat transfer problem with inhomogeneous materials and show its validity by an

example .

FORMULATION OF THE GENERAL BEM
n s .Let D t denote the time step and u denote u x, y, n D t . At the n th time

s . s .step t s n D t n 0 1 , Eq. 1 can be approximate ly rewritten as

n n n ny 1  u   u u y u
n n ns . s . s .k u q k u q S x, y, u y s 01 2 x  x  y  y D t

s . s .x, y g V 9

with boundary conditions

n s . s . s .u s g x, y, n D t x, y g G 101 1

 u n

s . s . s .s g x, y, D t x, y g G 112 2 n

s .Here, we use the fully implicit expression of Eq. 1 in the time domain. Note that
ny 1 s .the temperature distribution u s u x, y, n D t y D t is known when we solve

s . s . s .Eqs. 9 ] 11 at the n th n 0 1 time step. For simplicity, we de fine a nonlinear

operator

n n n ny 1  u   u u y u
n n n ns . s . s . s .A u s k u q k u q S x, y, u y1 2 x  x  y  y D t

s .12
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Note that, at each time step, if we conside r

u n y u ny 1

ns .S x, y, u y
D t

as a new heat source te rm, the nonlinear boundary-value problem gove rned by

s . s .Eqs. 9 ] 11 can be seen as a steady-state heat transfe r problem that can be solved

w xsuccessfully by means of the gene ral BEM 3 .

w xFollowing Liao and Chwang 3 , we first construct a family of partial diffe ren-

s .tial equations for Q x, y; p as

s . 2 w s . s . x w s . x1 y p = Q x, y ; p y u x, y s y pA Q x, y; p0 s .13

s . w xx, y g V p g 0 , 1

with boundary conditions

s . s . s . s . s . w x s .Q x, y; p s pg x, y, n D t q 1 y p u x, y x, y g G , p g 0 , 1 141 0 1

s . Q x, y ; p  u 0
s . s . s . w x s .s pg x, y, n D t q 1 y p x, y g G , p g 0 , 1 152 2 n  n

s .where p is an embedding parameter and u x, y is an initial approximation of the0
n s .temperature distribution u at the n th time step. Note that Q x, y; p is also a

function of the embedding parameter p.

s . s .When p s 0, we obtain from Eqs. 13 ] 15 that

2 s . 2 s . s . s .= Q x, y; 0 s = u x, y x, y g V 160

with boundary conditions

s . s . s . s .Q x, y; 0 s u x, y x, y g G 170 1

s . s . Q x, y ; 0  u x, y0
s . s .s x, y g G 182 n  n

whose solution is obviously

s . s . s .Q x, y; 0 s u x, y 190

s . s .When p s 1, we obtain from Eqs. 13 and 15 that

  Q   Q
w s . x s . s .A Q x, y; 1 s k Q q k Q1 2 x  x  y  y

Q y u ny 1

s .q S x, y, Q y s 0
D t

s . s .x, y g V , p s 1 20
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with boundary conditions

s . s . s . s .Q x, y; 1 s g x, y, n D t x, y g G 211 1

s . Q x, y ; 1
s . s . s .s g x, y, n D t x, y g G 222 2 n

s . s . s . s . s .By comparing Eqs. 20 ] 22 with Eqs. 9 ] 11 , Q x, y, 1 is obviously the solution

u n
,

s . n s . s .Q x, y ; 1 s u s u x, y, n D t 23

s . s . w xThere fore , Eqs. 13 ] 15 form a family of equations in parameter p g 0, 1 , whose

s .solution at p s 0 is equal to the initial approximation u x, y and at p s 1 is the0

s .temperature distribution u x, y, n D t at the n th time step. The process of the

continuous change of the imbedding parameter p from 0 to 1 is just the process of

s . s . s .the continuous variation of solution Q x, y; p from u x, y to u x, y, n D t . This0

s .kind of continuous variation is called deform ation in topology, Q x, y; p is called

s . n s .hom otopy, u x, y and u s u x, y, n D t are hom otopic . Notice that this kind of0

s . s .continuous de formation is comple tely governed by Eqs. 13 ] 15 , which are called

the zeroth-order deform ation equations.

s . s .Expanding Q x, y; p at p s 0 by the Taylor formula and using Eq. 19 , we

obtain

w m x` s .u x, y0 ms . s .Q x, y ; p s Q x, y, 0 q pp
m !m s 1

w m x` s .u x, y0 ms . s .s u x, y q p 24p0
m !

m s 1

w m x s . s .where u x, y m 0 1 , called the m th -order deform ation derivative at p s 0, is0

de fined by

m s . Q x, y ; p
w m x s . s . s .u x, y s m 0 1 250 m p ps 0

s .Assume that the conve rgence radius of se rie s 24 is not le ss than 1. Then, at

s . s .p s 1, we obtain from Eqs. 23 and 24 that

` w m x s .u x, y0
s . s . s .u x, y, n D t s u x, y q 26p0

m !m s 1

s .which give s a re lationship between the initial approximation u x, y and the0
n s .unknown temperature distribution u s u x, y, n D t at the n th time step. In
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ny 1 s .gene ral, the temperature distribution u s u x, y, n D t y D t is used as the

s . s .initial approximation u x, y at the n th time step. There fore , Eq. 26 gives, in0

s . s .fact, a re lationship between u x, y, n D t y D t and u x, y, n D t .

s . s .Diffe rentiating the zeroth-orde r deformation equations 13 ] 15 m times

with re spect to p and then se tting p s 0, we obtain the following m th -order

deform ation equation at p s 0:

2 w m x s . s . s . s .= u x, y s R x, y m 0 1 , x, y g V 270 m

with boundary conditions

w m x w s . s . x s . s .u s g x, y, n D t y u x, y d x, y g G 280 1 0 1 m 1

w m x s . u  u x, y0 0
s . s . s .s g x, y, n , D t y d x, y g G 292 1m 2 n  n

where d is the Kronecker delta and1 m

s . s . s .R x, y s y A u 301 0

my 1 w s . xd A Q x, y; p
2 w m y 1 xs . s . s .R x, y s m = u y m 0 2 31m 0 m y 1

dp ps 0

s .Moreover, we have by Eq. 12 that

2 2w s . xdA Q x, y ; p  u  u0 0X X
s . s .s k u q k u1 0 2 02 2dp  x  yps 0

22 u  u0 0Y Y w1xs . s .q k u q k u u1 0 2 0 0t / t / x  y

 u  u w1 x  u  u w1 x
0 0 0 0X X

s . s .q 2 k u q 2 k u1 0 2 0t / t / x  x  y  y

 2u w1 x  2u w1 x
0 0

s . s .q k u q k u1 0 2 02 2 x  y

s . S x, y, u 10 w1 x s .q y u 320t / u D t

and so on.

s .Note that the m th-orde r deformation equation 27 with the corre sponding

s . s .boundary conditions 28 and 29 are linear with respect to the m th-order
w m x s . s . s .de formation derivative u x, y m 0 1 . The linear equation 27 contains the0
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we ll-known Laplace operator, whose fundamental solution is familiar to us so that

it can be easily solved by the classical BEM. Precise ly speaking, one can solve the

integral equation

 u w m x  v0 w m x s . s . s .v y u d G s v r 9 , r R x, y dxdy m 0 1E H H0 m s .33t / n  nG V

cs . s .r 9 s j , h g V , r s x, y g V

w m x s . w m x s .to de te rmine the unknown value s of u x, y on G and  u x, y r  n on G ,0 2 0 1

where

1 2 2Xs . s . s . s .v r 9 , r s y ln x y j q y y h 34
2 p

is the fundamental solution of the 2D Laplace operator, and V c
denotes the

exterior of domain V excluding its boundary G s G j G . The linear equation1 2

s .33 can easily be solved by some well-known techniques of the BEM. For example ,

the boundary can be divided into N equal parts and within each boundaryG

w w m x s . x s . s .e lement the unknown  u x, y r  n m 0 1 can be linearly distributed and 330

is satisfied at end points of each element. For the domain integral, the domain can

be divided into N = N equal subdomains and the four-point Gauss-integralV V

formula can be used. For more de tails about the element technology and numerical

w xintegration technology, re fer to Brebbia e t al. 8 . Note that the left-hand matrix

s .re lated to Eq. 33 is the same for all time steps, so its inve rse matrix can be used

s .in each ite ration at eve ry time step n 0 1 . Afte r obtaining the unknown values of
w m x s . w m x s . s . s .u x, y on G and  u x, y r  n m 0 1 on G , we have at point j , h g V j0 2 0 1

G that

 u w m x  v0w m x w m xs . s .c j , h u j , h s v y u d GE0 0t / n  nG

s . s . s .y v r 9 , r R x, y dxdy 35H H m
V

s . s .r 9 s j , h g V j G , r s x, y g V , m 0 1

where

s .1 if j , h g V
s . s .c j , h s 361w s .if j , h g G2

w m x s . s .Note that only a finite number of deformation derivative s u x, y m 0 10

s .can be obtained. If the convergence radius r of the Taylor serie s 24 is greate r
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than or equal to 1, we can use

M w m x s .u x, y0
s . s . s .u x, y, n D t f u x, y q 37p0

m !m s 1

s .to obtain a new approximation better than u x, y , where M denotes the orde r of0

s .approximation. Howe ver, the conve rgence radius r of se rie s 24 may be less than

s . s . s .1, so that 26 does not hold. Eve n in this case, Q x, y; l 0 - l - r is in most

s .case s still be tter than the initial approximation u x, y , so we can use the ite rative0

formula

M m w m x s .l u x, y0
s . s . s .u x, y, n D t s u x, y, n D t q k s 0 , 1 , 2 , 3 , . . .pkq 1 k

m !m s 1

s .38

s .where l 0 - l - r is treated as an ite rative parameter and M is the orde r of

s .approximation. We call Eq. 38 the Mth-orde r iterative formula. At the beginning

of each iteration process, we simply use the known temperature distribution
ny 1 s . n s .u s u x, y, n D t y D t as the initial approximation for u s u x, y, n D t .

s .Howe ver, we should keep in mind that u x, y appearing in all of the above0

expressions should be set new values before each new ite ration.

By means of the ge neral BEM mentioned above , we can use the initial

s . s .condition u x, y, 0 s g x, y as an initial approximation to obtain the tempera-0

s .ture distribution u x, y, D t at the first time step. Then, in a similar way, we can

s . s .furthe r use u x, y, D t to obtain the temperature distribution u x, y, 2 D t at the

second time step, and so on. In this way, we can obtain the solution of the original

s . s .equations 1 ] 3 in the whole time domain.

s . 2 w m y 1 xFinally, we mention that, in Eq. 33 , R contains a te rm = u which canm 0

be conve rted to the boundarie s by using the BEM. In fact, the term R is a knownm

function so that it can be converted to the boundaries if the dual reciprocity BEM

w x s .7, 9, 10 is applied. We emphasize that the le ft-hand matrix re lated to Eq. 33 is

the same for all time steps, so its inve rse matrix can be used in each ite ration at

s .every time step n 0 1 .

NUMERICAL EXAMPLES

In order to show the validity of the above-mentioned ge neral BEM formula-

tion for unsteady, nonlinear heat transfe r problems with inhomogeneous materials,

we conside r a 2D microwave heating problem. Generally, a microwave heating

process is quite complicated: it contains the absorption and diffusion of heat,

gove rned by a forced heat equation, and also the propagation and decay of the

microwave radiation through a given mate rial, governed by the Maxwe ll equation.
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The absorption and diffusion of heat is mode led by a nondimensional equation,

  u   u  u
2

s . s . s . < < s .k u q k u q g u E y s 0 391 2 x  x  y  y  t

s . s .where u denotes temperature , k u and k u are the rmal conductivity coe ffi-1 2

s .cients of the mate rial in the x and y directions, re spective ly, g u is the the rmal

< <absorptivity of the material, and E is the amplitude of the e le ctric fie ld. Equation

s .39 is gene rally coupled with the Maxwe ll equation because of the temperature

dependence of mate rial propertie s such as electric conductivity, magne tic perme-

ability, and e lectric permeability. Howeve r, if the se mate rial propertie s are as-

sumed constant, the amplitude of the electric fie ld is exponentially dependent on

the spatial variables, i.e .,

« x
< < s .E s exp y 40t /2

for the decay from an incident boundary at xs 0, where « is the decay constant.

Here, the e le ctric fie ld has been assumed to decay exponentially in the x direction,

whereas it is uniform in the y dire ction. Moreove r, for many materials, the the rmal

s .absorptivity g u has a powe r-law dependence on temperature u , say,

s . n s .g u s b u 41

w xHill e t al. 11 ] 13 gave some example s of mate rials for which this power-law form

of the the rmal absorptivity is valid. For the se mate rials, the so-called the rmal

s . s . s .runaway is possible if n 0 1. Then, substituting Eqs. 40 and 41 into 39 leads to

a simplified mode l equation,

  u   u  u
ns . s . s . s .k u q k u q b u exp y « x y s 0 421 2 x  x  y  y  t

The corresponding boundary conditions may be of e ssential, natural, or mixed type .

w xFor more details, re fer to 14 ] 16 . For simplicity, we conside r in the present paper

a microwave heating problem of a 2D unit plate made of an inhomogeneous

material. The corresponding boundary conditions are u s 1 on four side s of the

s .unit plate and the initial condition is u x, y, 0 s 1. For simplicity, we consider

s . s . s .only the case of k u s exp a u and k u s 1.1 2

s . s .By Eqs. 13 ] 15 , the corre sponding zeroth-orde r deformation equation for
n s .the temperature distribution u s u x, y, n D t is

2 Äs . w s . s . x w s . x1 y p = Q x, y ; p y u x, y s y pA Q x, y; p0 s .43

s . w x w x w xx, y g 0 , 1 = 0 , 1 , p g 0 , 1

with boundary condition

s . s . s . s . w x s .Q x, y ; p s p q 1 y p u x, y x, y g G , p g 0 , 1 440
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Ä s .where the nonlinear operator A Q is defined by

222 2 Q  Q  Q  QX XÄ s . s . s . s . s .A Q s k Q q k Q q k Q q k Q1 2 1 22 2  x  y x  y

Q y u ny 1

n s .q b Q exp y « x y
D t

s . w x w x w x s .x, y g 0 , 1 = 0 , 1 , p g 0 , 1 45

s . s . w m x s . s .According to Eqs. 27 ] 29 , u x, y m 0 1 are governed by0

2 w m x Äs . s . s . w x w x s .= u x, y s R x, y x, y g 0 , 1 = 0 , 1 , m 0 1 460 m

with the boundary condition

w m x s . w s . x s . s .u x, y s d 1 y u x, y x, y g G 470 1 m 0

where d is the Kronecker delta and1 m

Ä Äs . s . s .R x, y s y A u 481 0

my 1 Ä w s . xd A Q x, y; p
2 w m y 1 xÄ s . s . s .R x, y s m = u y m 0 2 49m 0 m y 1

dp ps 0

s . s .The linear equation 46 with linear boundary condition 47 can easily be

solved by the classical BEM. Note that the boundary now has four side s, each of

which is divided into N equal parts. At each corner, two ve ry close points, eachG

be longing to a diffe rent boundary, are used to deal with the discontinuation.

w w m x s . x s .Within each boundary e lement, the unknown  u x, y r  n m 0 1 is linearly0

s .distributed and boundary condition 47 is satisfied at two end points of each

s .e lement so that we have all together 4 N q 1 unknowns on the four sides of theG

w x w xunit plate . For the domain integral, the domain 0, 1 = 0, 1 is divided into

N = N equal subdomains and the four-point Gauss-integral formula is used. WeV V

s .emphasize once again that the le ft-hand matrix re lated to Eq. 33 is the same for

all time steps, so its inverse matrix can be used in each ite ration at eve ry time step

s .n 0 1 .

s .By Eq. 38 , we can obtain ite rative formulas at different orders. Our

numerical calculations indicate that the highe r the order of the ite rative formulas,

the faste r the corre sponding ite ration process converges, as shown in Figure 1. The

w xsame trend was reported by Liao and Chwang 2 and will not be discussed further.

When the first-order iterative formula

s . s . w1 x s . s .u x, y, n D t s u x, y, n D t q l u x, y 50kq 1 k 0
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Figure 1. RMS errors D versus the number of iterations

sfor a s 0.25, b s 14.1, « s 2, and n s 2 D t s 0.01,

.l s 0.1, N s N s 20 : curve 1, the first-order formulaG V

s . s .Ms 1 ; curve 2, the second-order formula M s 2 .

is used and the value of l is properly selected, the iteration conve rges quickly, as

s . s . s .shown in Figure 1 for the case k u s exp u r 4 , k u s 1, b s 14.1, « s 2, and1 2

n s 2, where N s 20, N s 20, l s 0.1, and D t s 0.01.G V
Äs . w s .xAccording to Eq. 45 , A u x , y , n D t denotes the re sidual error of thei j

s .gove rning equation 42 at point x s i D x, y s j D y and the n th time step.i j

Clearly, the smaller the root mean square of the residual e rror,

N NV V
2

Ä s .A u x , y , n D tp p i j

is 0 js 0
D s X 2

s .N q 1V

s .the better the approximation u x , y , n D t is. Hence , the conve rgence criterion isi j

given by

N NV V
2

Ä s .A u x , y , n D tp p i j

is 0 js 0 y 4 s .D s ( 10 51X 2
s .N q 1V

Ä s .where the nonlinear operator A is de fined by Eq. 45 .

Without loss of ge nerality, we conside r in this article only four cases, that is,

a s 0.25, 0.50, 0.75, and 1.0 with n s 2 and « s 2. Here, we use l s 0.01,

s . s .D t s 0.01, N s 20, N s 20, and the first-orde r ite rative formula 50 M s 1 .V G
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In each case , the temperature distributions of the unit plate in the time domain

with diffe rent value s of b can be solved by the gene ral BEM formulation. If the

s .value of b is small enough, u x, y, n D t tends to a steady-state solution as n is

large enough. Howeve r, `̀ the rmal runaway’ ’ occurs as b is greate r than a critical

value, denoted by b . In enginee ring, it is very important to predict the circum-c

stance under which thermal runaway occurs. Using the ge neral BEM formulation

for unsteady nonlinear heat transfe r problems, we successfully de te rmine the

critical value b for the occurrence of the rmal runaway, as listed in Table 1, wherec

u is the maximum temperature corre sponding to the critical value b . Thermalma x c

runaway occurs when b ) b . The corre sponding temperature distributions of ac

unit plate under microwave heating with diffe rent critical value s of b are shown inc

Figures 2 ] 7.

s .If thermal runaway does not occur, the temperature distribution u x, y, n D t

tends to a steady-state solution that can also be obtained by the gene ral BEM

w xformulation given by Liao and Chwang 3 . On the other hand, if thermal runaway

occurs, the steady-state equation cannot be obtained, because the corre sponding

ite ration dive rge s.

s .For comparison, we also solve Eq. 42 by means of the finite-difference

s . n s .method FDM . By writing u s u i D x, j D y, n D t , where D x s D y s 1 r N andi , j

s .D t denote the spatial and time steps, re spective ly, the gove rning equation 42 can

be discretized as

n n n n n nu y 2 u q u u y 2 u q uiq 1 , j i , j iy 1 , j i , jq 1 i , j i , jy 1n ns . s .k u q k u1 i , j 2 i , j2 2
s . s .D x D y

2 2n n n nu y u u y uiq 1 , j iy 1 , j i , jq 1 i , jy 1X Xn ns . s .q k u q k u1 i , j 2 i , j
2 D x 2 D y

u n y u ny 1
n i , j i , jns . s . s .q b u exp y « i D x s 1 ( i , j ( N y 1i , j D t

and

n n n n s .u s u s u s u s 1 0 ( i ( N0 , i N , i i , 0 i , N

Table 1. V alues of b and u with « s 2 and n s 2 for diffe re nt values of ac m a x

Present BEM approach FDM approach

a b u b uc m a x c m ax

0.25 14.1 2.53 14.1 2.54

0.50 33.0 8.33 33.1 8.34

0.75 55.5 5.93 55.4 5.91

1.00 84.0 4.69 84.2 4.71
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Figure 2. Temperature distribution of a unit plate under microwave heating for a s 0.25 and b s 14.1

s . s . s . s .« s 2, n s 2 with k u s exp u r 4 and k u s 1.1 2

Figure 3. Temperature distribution of a unit plate under microwave heating for a s 0.25 and b s 14.1

s . s . s . s .« s 2, n s 2 with k u s exp u r 4 and k u s 1.1 2
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Figure 4. Temperature distribution of a unit plate under microwave heating for a s 0.25 and b s 14.1

s . s . s . s .« s 2, n s 2 with k u s exp u r 4 and k u s 1.1 2

Figure 5. Temperature distributions of a unit plate under microwave heating for a s 0.50 and b s 33.0

s . s . s . s .« s 2, n s 2 with k u s exp u r 2 and k u s 1.1 2
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Figure 6. Temperature distribution of a unit plate under microwave heating for a s 0.75 and b s 55.5

s . s . s . s .« s 2, n s 2 with k u s exp 3 u r 4 and k u s 1.1 2

We solve the above se t of nonlinear algebraic equations by the iteration technique,
ny 1 s .and the re sult u at the n y 1 th time step is used as the initial approximation.i, j

The results given by the FDM for the case of b s 14.1, « s 2, n s 2, D x s D y s
0.025, D t s 0.01, and l s 0.1 are shown in Figure 8. Comparing Figure 8 with

Figures 2 ] 4, we note that the re sults obtained by the pre sent BEM agree ve ry we ll

with those given by the FDM at every time step. Moreover, by the above -men-

tioned FDM, we also de te rmine the corresponding values of u and b re lated toma x c

thermal runaway. As listed in Table 1, the value s of u and b given by the FDMma x c

agree we ll with those given by the present BEM approach. This ve rifies the validity

of the present gene ral BEM.

CONCLUSIONS

w xIn this article , we apply the ge neral BEM 1 ] 3 to solve a 2D, unsteady,

nonlinear heat transfer problem with inhomogeneous mate rials. We conside r here

the 2D parabolic heat conduction equation with temperature -dependent heat

source and the rmal conductivity coefficients different along the x and y directions.

This problem cannot be solved by the classical BEM. Howe ver, the gene ral BEM

works we ll for this strongly nonlinear problem.



S.-J. LIAO AND A. T. CHWANG240

Figure 7. Temperature distribution of a unit plate under microwave heating for a s 1.00 and b s 84.0

s . s . s . s .« s 2, n s 2 with k u s exp u and k u s 1.1 2

Thermal runaway occurs as the value of b becomes large . In the four case s

under consideration, the gene ral BEM for unsteady nonlinear heat transfer prob-

lems successfully predicts the critical value s of b for the occurrence of the rmalc

runaway, which agree ve ry we ll with those obtained by the FDM approach, as

shown in Table 1 and Figure 8.

We note that the domain integral appears in the ge neral BEM formulation,

which might decrease the numerical efficiency. Howeve r, a boundary-e lement

w xtechnique called the dual reciprocity BEM 7, 9, 10 has been deve loped to avoid

the domain integration by transforming it to a surface integration. Moreover, the

integral is suitable for paralle l computation. Beside s, all of the le ft-hand matrice s

for the system are the same at every time step for each ite ration, so the inverse

matrice s can be used many times. Thus, the ge neral BEM may become more

e fficient if combined with the dual reciprocity BEM and paralle l computation.

Finally, we emphasize that the classical BEM is invalid to solve nonlinear

unsteady heat transfe r problems with inhomoge neous mate rials. Howe ver, the

gene ral BEM is still valid for the problem under conside ration. This demonstrate s

once again the validity and the great potential of the ge neral BEM. We believe

that the gene ral BEM can be applied to solve strongly nonlinear unsteady prob-

lems that cannot be solved by the classical BEM.
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s .Figure 8. Tempe rature distribution given by the FDM of a unit plate

s .under microwave heating for a s 0.25 and b s 14.1 « s 2, n s 2 with

s . s . s .k u s exp u r 4 and k u s 1.1 2
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