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Abstract

In this paper, we show that the so-called ‘‘homotopy perturbation method’’ is only a

special case of the homotopy analysis method. Both methods are in principle based on

Taylor series with respect to an embedding parameter. Besides, both can give very good

approximations by means of a few terms, if initial guess and auxiliary linear operator

are good enough. The difference is that, ‘‘the homotopy perturbation method’’ had to

use a good enough initial guess, but this is not absolutely necessary for the homotopy

analysis method. This is mainly because the homotopy analysis method contains the

auxiliary parameter ⁄, which provides us with a simple way to adjust and control the

convergence region and rate of solution series. So, the homotopy analysis method is

more general. Besides, the update of the concept of the ‘‘analytical solution’’ is

discussed.
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1. The sameness

In 1992 Liao [1] employed the basic ideas of the homotopy in topology to

propose a general analytic method for nonlinear problems, namely the homo-

topy analysis method [2], and then modified it, step by step (see [3] and its

references). This method has been successfully applied to solve many types of
nonlinear problems (for example, please refer to [4–10]). In 2003, a book entitled

‘‘Beyond Perturbation: Introduction to the Homotopy Analysis Method’’ [2]

was published by Chapman & Hall/CRC Press, Boca Raton (USA), which sys-

tematically describes the basic ideas of the homotopy analysis method, its rela-

tionships with other analytic techniques, and some of its applications in science

and engineering. To show its basic ideas, let us consider a differential equation

N½f ð~r; tÞ� ¼ 0;

where N is a nonlinear operator, ~r is a vector of spatial variables, t denotes

time, f ð~r; tÞ is an unknown function, respectively. Note that, for the simplicity,

we ignore all related initial/boundary conditions, which can be treated in the

similar way.

By means of generalizing the traditional concept of homotopy, Liao [2] con-

structs the so-called zero-order deformation equation

ð1� pÞL½/ð~r; t; pÞ � f0ð~r; tÞ� ¼ �hHð~r; tÞN½/ð~r; t; pÞ�; ð1Þ
where p 2 [0,1] is the embedding parameter, �h 5 0 is a non-zero auxiliary

parameter, Hð~r; tÞ 6¼ 0 is an auxiliary function, L is an auxiliary linear opera-

tor, f0ð~r; tÞ is an initial guess of f ð~r; tÞ; /ð~r; t; pÞ is a unknown function, respec-

tively. It should be emphasized that one has great freedom to choose the initial

guess, the auxiliary linear operator, the auxiliary parameter ⁄, and the auxiliary

function Hð~r; tÞ. Obviously, when p = 0 and p = 1, it holds

/ð~r; t; 0Þ ¼ f0ð~r; tÞ; /ð~r; t; 1Þ ¼ f ð~r; tÞ;
respectively. So, as p increases from 0 to 1, /ð~r; t; pÞ varies (or deforms) from

the initial guess f0ð~r; tÞ to the solution f ð~r; tÞ. Expanding /ð~r; t; pÞ in Taylor ser-

ies with respect to the embedding parameter p, one has

/ð~r; t; pÞ ¼ f0ð~r; tÞ þ
Xþ1

k¼1

fkð~r; tÞpk; ð2Þ

where

fkð~r; tÞ ¼
1

k!
ok/ð~r; t; pÞ

opk

����
p¼0

:

If the auxiliary linear operator, the initial guess, the auxiliary parameter ⁄,
and the auxiliary function are so properly chosen that the above series con-

verges at p = 1, one has

sliao
线条



1188 S. Liao / Appl. Math. Comput. 169 (2005) 1186–1194
f ð~r; tÞ ¼ f0ð~r; tÞ þ
Xþ1

k¼1

fkð~r; tÞ; ð3Þ

which must be one of solutions of original nonlinear equation, as proved by

Liao [2]. It should be emphasized that it is very important to ensure that the

series (2) converges at p = 1. Otherwise, the series (3) has no meanings.

As ⁄ = �1 and Hð~r; tÞ ¼ 1, Eq. (1) becomes

ð1� pÞL½/ð~r; t; pÞ � f0ð~r; tÞ� þN½/ð~r; t; pÞ� ¼ 0; ð4Þ
which is used mostly in the so-called ‘‘homotopy perturbation method’’ pro-

posed in 1998 by Dr. He [11–13]. Different from Liao [2], Dr. He [13] writes

/ð~r; t; pÞ ¼ f0ð~r; tÞ þ
Xþ1

k¼1

f ðkÞð~r; tÞpk ð5Þ

and uses

f ð~r; tÞ ¼ f0ð~r; tÞ þ
Xþ1

k¼1

f ðkÞð~r; tÞ ð6Þ

to approximate the solution of the original nonlinear equation. However, it is
easy to prove that

f ðkÞð~r; tÞ ¼ fkð~r; tÞ ¼
1

k!
ok/ð~r; t; pÞ

opk

����
p¼0

:

Dr. He [13] also admitted this point. Thus, if the same initial guess and the
same auxiliary linear operator are chosen, the approximations given by the

‘‘homotopy perturbation method’’ are exactly a special case of those given

by the homotopy analysis method when ⁄ = �1 and Hð~r; tÞ ¼ 1. Therefore,

the homotopy analysis method [2] logically contains the so-called ‘‘homotopy

perturbation method’’ [13] in principle. Besides, like the series (3), the series (6)

itself is in principle a kind of Taylor series (at p = 1), too. So, mathematically

speaking, ‘‘homotopy perturbation method’’ itself is also a kind of ‘‘general-

ized Taylor technique’’, as called by Dr. He himself [13], even if Dr. He
announces that he needs only a few terms.

Consider the Taylor series of an analytic function g(z), i.e.

gðzÞ � gðz0Þ þ
Xþ1

k¼1

gðkÞðz0Þ
k!

ðz� z0Þk:

Obviously, if and only if z0 is close enough to z, one needs only a few terms to

get an accurate enough approximation of g(z). If not, many terms are neces-

sary, and more importantly, convergence must be considered. So, if and only

if the initial guess is good approximation and the auxiliary linear operator is

properly chosen, one needs a few of the first terms to get an accurate enough
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result by means of both the homotopy analysis method [2] and the so-called

‘‘homotopy perturbation method’’ [13]. For example, the first-order approxi-

mation given by Liao [2, Chapter 11, Example 11.2.2, Fig. 11.2] is very accu-

rate. More examples are given in Liao�s book [2], for example, Fig. 6.4

(third-order approximation) in Chapter 6; Fig. 11.1 (first-order approximation)

and Fig. 11.3 (first-order approximation) in Chapter 11, Figs. 12.1–12.4 (first-
and third-order approximation) in Chapter 12, Figs. 13.2–13.4 (fifth-order

approximation) in Chapter 13, and so on. All of these examples illustrate that

one can also obtain very good approximations in a few terms by means of the

homotopy analysis method for some simple nonlinear problems. Even so, we

do not think the homotopy analysis method has relationships with perturba-

tion techniques.
2. The difference

The convergence of Liao�s solution series (3) is dependent upon four factors,

i.e. the initial guess, the auxiliary linear operator, the auxiliary function Hð~r; tÞ,
and the auxiliary parameter ⁄. However, as a special case of homotopy analysis

method when ⁄ = �1 and Hð~r; tÞ ¼ 1, the convergence of Dr. He�s solution ser-

ies (6) is only dependent upon two factors: the auxiliary linear operator, and

the initial guess. So, given the initial guess and the auxiliary linear operator,
Dr. He�s approach cannot provide other ways to ensure that the solution is

convergent. This is the reason why one had to choose a good enough initial

approximation and/or auxiliary operator when applying the so-called ‘‘homo-

topy perturbation method’’. If one luckily finds such a good enough initial

guess, certainly he needs only a few terms. Dr. He�s work shows some success-

ful examples for a few simple nonlinear problems (see [13] and its cited refer-

ences). However, as pointed out by Liao [2], there does not exist a general

theory and an efficient approach to find a good enough initial guess for any
a given nonlinear problem, especially when the nonlinear problems have multi-

ple solutions, discontinuation, multi-value solutions, bifurcations and/or are

unsteady. This is because, finding a good enough approximation is just one�s
purpose, i.e. the end-point, but not a beginning-point. So, finding a good en-

ough initial guess itself is not easier too much than finding a good enough

approximation of a nonlinear problem itself, in principle. Besides, solutions

of many nonlinear problems are very complicated. It is well-known that pertur-

bation solutions are mostly related with local properties of a nonlinear prob-
lem. However, If one would like to analyze global properties of a

complicated nonlinear problem, it is very hard to find such a good enough ini-

tial guess in most cases (except some simple ones).

Dr. He shows some attempts of finding a good initial guess. But, it is

unknown whether or not his method is general and valid for other more
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complicated nonlinear problems. For example, for Blasius and Falkner–Skan

equation, Dr. He [13] provided an analytic approach based on avoiding the

term gnexp(�ng), which Dr. He called ‘‘secular terms’’. However, unlike the

secular terms such as t sin t and t cos t which tends to infinity as t! +1,

the term gnexp(�ng) is not such a secular term at all, because

lim
g!þ1

gn expð�ngÞ ¼ 0; n P 1:

In fact, this term can appear in the solutions of Blasius and Falkner–Skan

equations, as shown by Liao [2]. So, it is not absolutely necessary to avoid such

kind of terms. Thus, Dr. He should give a more reasonable mathematical base

for his approach. To generalize the idea of the secular terms, Liao provides the
so-called Rule of Solution Expression [2, Chapter 2], which is very useful for the

selection of the initial guess, the auxiliary linear operator, and the auxiliary

function.

Unlike Dr. He�s approach, the convergence of Liao�s solution series (3) is

dependent upon four terms: the auxiliary linear operator, the initial guess,

the auxiliary parameter ⁄, and the auxiliary function Hð~r; tÞ. If one luckily

chooses a good enough initial guess and good enough auxiliary linear operator,

one can get accurate approximations by only a few terms with ⁄ = �1 and
Hð~r; tÞ ¼ 1, as shown by Liao [2] and mentioned above. However, even if the

initial guess and auxiliary linear operator are not good enough but reasonable,

one can still get convergent results by properly choosing the auxiliary para-

meter ⁄ and the auxiliary function Hð~r; tÞ, as shown by Liao [2]. This is mainly

because, given initial guess and auxiliary linear operator, the convergence of

the solution series given by the homotopy analysis method is determined by

the auxiliary parameter ⁄. The value of ⁄ can be determined by plotting the

so-called ⁄-curves, as suggested by Liao [2]. So, different from all previous ana-
lytic techniques (to the best of our knowledge), the homotopy analysis method

provides us with a simple way to control and adjust the convergence of a solu-

tion series. Besides, Liao [2] suggested three general rules, namely the Rule of

Solution Expression, the Rule of Solution Existence, and the Rule of Coefficient

Ergodicity, to choose the initial guess, the auxiliary linear operator, and the

auxiliary functions Hð~r; tÞ. Therefore, the convergence of the solution series

given by the homotopy analysis method is not so strongly dependent upon

the initial guess and the auxiliary linear operator as the so-called ‘‘homotopy
perturbation technique’’. So, unlike the ‘‘homotopy perturbation method’’, it

is not absolutely necessary for us to find a good enough initial guess and a good

enough auxiliary linear operator, but only reasonable ones. Therefore, the

homotopy analytsis method is more general than the so-called ‘‘homotopy per-

turbation method’’, not only mathematically but also in applications. By

means of the homotopy analysis method, one has larger freedom to choose

initial guesses and auxiliary linear operators.
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It is straightforward to generalized the zero-order deformation equation (1)

in the following form:

ð1� pÞL½/ð~r; t; pÞ � f0ð~r; tÞ� ¼ �hHð~r; tÞN½/ð~r; t; pÞ�
þ H 2ð~r; tÞP½/ð~r; t; pÞ; p�; ð7Þ

where H 2ð~r; tÞ is the second auxiliary function, P is a operator, and the term

P½/ð~r; t; pÞ; p� disappears when p = 0 and p = 1, i.e.

P½/ð~r; t; 0Þ; 0� ¼ P½/ð~r; t; 1Þ; 1� ¼ 0:

For details, please refer to Liao [2] (§3.6, §4.3, and §12.1). Obviously, there

are many different ways to construct such a kind of operator P, but up to now

there does not exist a general approach to choose a better (or even the best)
operator P for any a given nonlinear problem, as pointed by Liao [2].

Dr. He [13] made an attempt in this direction. For example, to solve the

nonlinear equation

u0 þ u2 ¼ 1; uð0Þ ¼ 0; ð8Þ
Dr. He used such a kind of homotopy

ð1� pÞ u0 þ u
Xþ1

k¼0

bkpk
 !

�
Xþ1

k¼0

ckpk
 !" #

þ pðu0 þ u2 � 1Þ ¼ 0: ð9Þ

For details, please refer to He [13, pp. 531–532]. Based on the disappearance

of his so-called ‘‘secular term’’ tnexp(�n t) that however tends to zero at infinity

and is therefore not a secular term at all, Dr. He still obtained an approxima-

tion in a few terms by solving a set of nonlinear algebraic equations about the

coefficients bk and ck. For example, his first-order approximation corresponds

to

b0 ¼ 2; b1 ¼ �2; c0 ¼ 2; c1 ¼ �1; bk ¼ ck ¼ 0; k P 2: ð10Þ
Substituting (10) into (9), one has

ð1� pÞðu0 þ 2u� 2Þ ¼ �pðu0 þ u2 � 1Þ þ pð1� pÞð2u� 1Þ; ð11Þ
which is just a special case of Eq. (7) when �h ¼ �1; Hð~r; tÞ ¼ H 2ð~r; tÞ ¼ 1, and

Pðu; pÞ ¼ pð1� pÞð2u� 1Þ:
Besides, it should be pointed out that (10) cannot be obtained from Dr. He�s
expression (18) (see [13, p. 531]), i.e.

0 ¼ b0 þ b1p þ b2p2 þ � � � ;

which holds for any p 2 [0,1] only when all coefficients bk (kP 0) equal to zero.

So, Dr. He�s approach [13] contains obvious mathematical mistakes.
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3. The update of the concept of analytic solution

Most of concepts of human beings are updated along with the development

of science and technology, so should the concept of the so-called ‘‘analytic

solution’’. Some people think that an analytic expression more than ten terms

is too complicated and thus is useless in practice. This was easy to understand
hundreds of years ago when there were no computers and people wrote an

‘‘analytic solution’’ on paper and calculated it by hand. At that time, it was in-

deed a hard work to calculate an analytic expression more than 10 terms. Our

traditional concept of ‘‘analytic solution’’ was born in such kind of situation,

more or less. However, fortunately, we are now in the time of computer with

huge memory and high-speed CPU: it needs only a few seconds to calculate

an analytic expression even with hundreds of terms, much faster than calculat-

ing a few terms by hand. Symbolic computation software such as Mathemat-
ica, MathLab, Maple, and so on, are applied wider and wider, and more

and more researchers deduce their mathematical formulas on computer with-

out papers and pens at all. In these cases, paper and pen are replaced by hard

disk and keyboard of a computer. And currently, the Internet becomes a new

popular medium, similar to the appearance of the paper hundreds of years ago.

The author personally believes that the traditional concept of ‘‘analytic solu-

tion’’ should be updated to face the computer time, and an analytic expression

with many terms might be accepted by most scientists and researchers in the
near future. In other words, in the time of computer, an analytic expression

is not absolutely necessary to be only a few terms. In this meaning, the homo-

topy analysis method is for the time of computer, more or less.
4. Conclusions and discussions

As pointed out by Liao ([2], Chapter 4), the homotopy analysis method log-
ically contains Adomian�s decomposition method [14], Lyapunov�s artificial

small parameter method [15], and the d-expansion method [16]. In this paper,

we show that the so-called ‘‘homotopy perturbation method’’ [13] is only a spe-

cial case of the homotopy analysis method [2]. Both methods are in principle

based on Taylor series in an embedding parameter. Besides, both can give very

good approximations in a few terms, if initial guess and auxiliary linear oper-

ator are good enough. The difference is that, ‘‘the homotopy perturbation

method’’ had to use a good enough initial guess, but this is not absolutely nec-
essary for the homotopy analysis method. This is mainly because the homo-

topy analysis method contains the auxiliary parameter ⁄, which provides us

with a simple way to adjust and control the convergence region and rate of

solution series. Dr. He [13] made some attempts to find good enough initial

guesses and to construct a good enough homotopy for some simple nonlinear
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problems. Unfortunately, as mentioned above, his approach contains some

mistakes and thus needs a more reasonable mathematical base, and besides

should be generalized and verified for more complicated nonlinear problems.

All things have their good and bad sides, so too does the homotopy analysis

method. As a new, developing analytic method for nonlinear problems in gen-

eral, the homotopy analysis method has its own limitations, as pointed out by
Liao [2, Chapter 5: Advantages, Limitations, and Open Questions], and thus

certainly should be further modified.
Acknowledgments

Thanks to ‘‘National Science Fund for Distinguished Young Scholars’’

(Approval No. 50125923) of Natural Science Foundation of China, and Li
Ka Shing Foundation (Cheung Kong Scholars Programme) for the financial

support.
References

[1] S.J. Liao, The proposed homotopy analysis technique for the solution of nonlinear problems.

Ph.D. Thesis, Shanghai Jiao Tong University, 1992.

[2] S.J. Liao, Beyond Perturbation: Introduction to Homotopy Analysis Method, Chapman &

Hall/CRC Press, Boca Raton, 2003.

[3] S.J. Liao, On the homotopy analysis method for nonlinear problems, Appl. Math. Comput.

147 (2004) 499–513.

[4] M. Ayub, A. Rasheed, T. Hayat, Exact flow of a third grade fluid past a porous plate using

homotopy analysis method, Int. J. Eng. Sci. 41 (2003) 2091–2103.

[5] T. Hayat, M. Khan, M. Ayub, On the explicit analytic solutions of an Oldroyd 6-constant

fluid, Int. J. Engng. Sci. 42 (2004) 123–135.

[6] T. Hayat, M. Khan, S. Asghar, Homotopy analysis of MHD flows of an Oldroyd 8-constant

fluid, Acta Mech. 168 (2004) 213–232.

[7] T. Hayat, M. Khan, S. Asghar, Magnetohydrodynamic flow of an Oldroyd 6-constant fluid,

Appl. Math. Comput. 155 (2004) 417–425.

[8] Y.Y. Wu, S.J. Liao, Solving the one-loop soliton solution of the Vakhnenko equation by

means of the homotopy analysis method, Chaos Solitons and Fractals 23 (5) (2004) 1733–1740.

[9] W. Wu, S.J. Liao, Solving solitary waves with discontinuity by means of the homotopy

analysis method, Chaos, Solitons and Fractals 23 (2004) 1733–1740.

[10] S.J. Liao, An analytic solution of unsteady boundary-layer flows caused by an impulsively

stretching plate. Communications for Nonlinear Science and Numerical Simulations (in press).

[11] J.-H. He, An approximate solution technique depending upon an artificial parameter,

Commun. Nonlinear Sci. Numer. Simulat. 3 (2) (1998) 92–97.

[12] J.-H. He, Homotopy perturbation techique, Comput. Methods Appl. Mech. Eng. 178 (1999)

257–262.

[13] J.-H. He, Comparison of homotopy perturbation method and homotopy analysis method,

Appl. Math. Comput. 156 (2004) 527–539.

[14] G. Adomian, Nonlinear stochastic differential equations, J. Math. Anal. Appli. 55 (1976)

441–452.

sliao
线条

sliao
线条

sliao
线条

sliao
线条

sliao
线条

sliao
线条

sliao
线条

sliao
线条

sliao
线条

sliao
线条



1194 S. Liao / Appl. Math. Comput. 169 (2005) 1186–1194
[15] A.M. Lyapunov, General problem on stability of motion, Taylor & Francis, London, 1892

(1992, English translation).

[16] A.V. Karmishin, A.T. Zhukov, V.G. Kolosov, Methods of dynamics calculation and testing

for thin-walled structures, Mashinostroyenie, Moscow, 1990 (in Russian).


	Comparison between the homotopy analysis method and homotopy perturbation method
	The sameness
	The difference
	The update of the concept of analytic solution
	Conclusions and discussions
	Acknowledgments
	References


