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The non-similarity solution for natural convection from a permeable isothermal vertical wall is considered. The governing
boundary-layer equations for non-similarity flow and temperature fields are solved using the homotopy analysis method. The
homotopy-Padé technique is applied to accelerate the convergence of the homotopy-series solution. The influence of physical
parameters on the non-similarity flows is investigated in detail. Different from the previous analytic results, the homotopy-series
solutions are convergent and valid for all physical parameters in the whole domain 0 � x < ∞ and 0 � y < ∞.
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Natural convection has attracted a great deal of attention be-
cause of its presence both in nature and engineering appli-
cations. In nature, convection cells, formed from air raising
above sunlight warmed land or water, are a major feature in
all weather systems. In engineering applications, convection
is commonly visualized in the formation of microstructures
during the cooling of molten metals, and fluid flows around
shrouded heat-dissipation fins, and solar ponds. A very com-
mon industrial application of natural convection is free air
cooling without the aid of fans. Many free convection pro-
cesses occur in environments with temperature stratification.
The buoyant flow arising from heat rejection to atmosphere,
heating of rooms, fires, and many other such heat transfer
processes, both natural or artificial, are the examples of natu-
ral convection flows.

Several attempts have been made in recent years to investi-
gate the problem of natural convection over a vertical wall in
a stratified medium due to its obvious importance. Early stud-
ies focused on seeking similarity solution because the similar
variables can give great physical insight with minimal efforts.
Cheesewright [1] obtained the similarity solutions of various
types of non-uniform ambient temperature distributions by
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a theoretical investigation of laminar free convection from a
vertical plane in non-isothermal surroundings. Eichhorn [2]
studied the effect of linear thermal stratification on the heat
transfer of an isothermal vertical plate and obtained solutions
for four terms of the series expansions of the partial differ-
ential equations. Subsequently, Fujii et al. [3] considered
the effect of non-linear thermal stratification on the problem
of Eichhorn [2] and gave solutions for four terms of the se-
ries expansions. Later, Chen and Eichhorn [4] reconsidered
the problem of Eichhorn [2] and obtained solutions using
the local non-similarity method. Yang et al. [5]investigated
the natural convection heat transfer from a non-isothermal
vertical flat plate immersed in a thermal stratified medium.
Venkatachala and Nath [6] solved the complete set of gov-
erning partial differential equations for the problem of an
isothermal wall in linearly stratified atmosphere using the im-
plicit finite-difference scheme, perturbation series expansion
and local non-similarity method. They compared their results
with Chen and Eichhorn [6] and found very good agreement
with small Pr and large x/L. Jaluria and Himasekhar [7] stud-
ied the problem of natural convection flow in a plane thermal
plume and the flow over a heated vertical plate in an arbitrary,
but stably stratified environment and gave the numerical so-
lutions of the governing partial differential equations by us-
ing the finite difference method for two values of the Prandtl
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number 0.72 and 6.7 for air and water, respectively, at normal
temperature. Kulkarni et al. [8] investigated the problem of
natural convection from an isothermal flat plate suspended in
a linearly stratified fluid using the Von-Karman-Pholhausen
integral solution method. They obtained the similarity solu-
tions for two cases, the classical one (Tw, T∞ = const), and
the case where Tw = const and Tw(x) is linear and stable. The
same problem was then investigated experimentally by Tanny
and Cohen [9], who found that the heat and local heat transfer
is in good agreement with the theoretical predictions done by
Kularni et al. [8].

A problem of interest and importance in some applications
concerns the effect of blowing and suction in a natural con-
vection boundary-layer. This situation would arise, for in-
stance, if heat from a porous surface were being investigated
and fluid were being added to or removed from the flow. Kao
[10] applied the shooting method technique to solve the non-
similarity boundary-layer and thermal boundary-layer equa-
tions for the forced convection along a flat plate with arbitrary
suction or injection at the wall. For the flat plate with suction
Emmons and Leigh [11] found solutions of the momentum
equation, while the corresponding heat transfer results for the
isothermal porous plate were presented by Schilichting and
Bussemann [12].

For similarity boundary-layer flows, velocity profiles at
different x are similar. However, such kind of similarity is
lost for non-similarity flows [13–15]. Briefly speaking, the
non-similarity boundary layer flows are more general in na-
ture and in our everyday life, and thus are more important
than the similarity ones. For the non-similarity solution, one
had to solve a system of nonlinear partial differential equa-
tions (PDEs). Mathematically, it is more difficult to solve
PDEs than ordinary differential equations (ODEs). Most of
the solutions of the boundary-layer equations have been nu-
merically obtained. Numerical methods can be used to ap-
proximate the results at large numbers of discretized points.
However, it brings some additional errors and uncertainty
into the numerical results when infinite domain is replaced by
the finite ones. The PDEs can be solved in the infinite domain
by using the traditional analytic methods. But, the results ob-
tained by these traditional methods are not valid for all physi-
cal parameters in the whole domain because these techniques,
more or less, depend on the small/large physical variables. In
recent years, among the analytic methods for non-similarity
thermal boundary-layer problems, “the method of local non-
similarity” seems to be most frequently applied. However,
the results given by this method are of uncertain accuracy
and only valid for small ξ [16–18].

Previous studies show that no one has found the non-
similarity solution for natural convection flow from the per-
meable vertical surface in an isothermal surroundings. Pre-
cisely, we have undertaken this task successfully and de-
scribed it in this paper. We obtained the explicit series so-
lution for natural convection flow over an isothermal vertical
porous wall by means of homotopy analysis method (HAM).

The HAM is a general analytic approach to get series solu-
tions of various types of non-linear equations, including alge-
braic equations, ODEs, PDEs, differential-integral-equations,
differential-difference equation, and coupled equations of
them. Different from perturbation techniques [19], the HAM
does not depend upon any small/large physical parameters.
Besides, it logically contains other non-perturbation tech-
niques such as Lyapunov’s small parameter method [20],
the δ-expansion method [21], and Adomian’s decomposition
method [22], as proved by Liao in his book [23]. The HAM
has been successfully applied to various nonlinear problems
in science and engineering, such as nonlinear heat transfer
[24–26], finance problems [27,28], projectile motion [29],
groundwater flows [30], thermal-hydraulic networks [31] and
so on. Especially, some new solutions of a new nonlinear
equations are obtained [32,33]: theses new solutions have
never been reported by all other previous analytic methods
and even by numerical methods. All of these illustrate the
great potential and flexibility of the HAM for strongly non-
linear problems in science and engineering.

1 Mathematical formulations

Let us consider the steady two-dimensional laminar
boundary-layer flow along the permeable vertical surface in
an isothermal surroundings. Let x denote the distance along
the surface from the leading edge and y is the normal dis-
tance from the surface. With the Boussinesq assumption, i.e.
assuming the density variation to be important only in the
buoyancy term, the equations of continuity, momentum and
energy, which govern the flow and heat transfer in a laminar
boundary-layer are

∂u
∂x
+
∂v
∂y
= 0 , (1)

u
∂u
∂x
+ v

∂u
∂y
= gβ(T − T∞) + ν

∂2u
∂y2

, (2)

u
∂T
∂x
+ v

∂T
∂y
= α

∂2T
∂y2

, (3)

subject to the boundary conditions:

y = 0 : u = 0, v = bxn, T = Tw,

y→ ∞ : u = 0 , and T = T∞,
(4)

respectively, (u, v) are the velocity components along the
(x, y) axes, g is the gravitational acceleration, β is the co-
efficient of thermal expansion, α is the thermal diffusivity
and ν is the kinematic viscosity. These equations may be
nondimensionalized by employing a characteristic dimen-
sion, which gives rise to the Grashof number Gr.

The nondimensionalization employed here is given by the
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following variables

X =
x
L
, Y =

y
L
, U =

uL
α
, V =

vL
α
,

Ψ =
ψ

α
, Pr =

ν

α
, θ =

T − T∞
Tw − T∞

,

Gr =
gβ(Tw − T∞)L3

ν2
,

(5)

where L is the characteristic length such that when x = L,
T∞ = Tw. With the above dimensionless variables, the gov-
erning equations become

∂U
∂X
+
∂V
∂Y
= 0, (6)

U
∂U
∂X
+ V

∂U
∂Y
= GrPr2θ + Pr

∂2U
∂Y2

, (7)

U
∂θ

∂X
+ V

∂θ

∂Y
=
∂2θ

∂Y2
, (8)

with the boundary conditions

Y = 0 U = 0, V = aXn, θ = 1,

Y → ∞ U = 0, and θ = 0.
(9)

where a =
bLn+1

α
. Using the transformations as mentioned in

[8]:
Ψ = (Gr)

1
4 Pr(4ξ)

3
4 f (ξ, η),

and

η =
(Gr

4ξ

) 1
4

Y, θ(ξ, η) =
T − T∞
Tw − T∞

and T∞ = Tw − K,

(10)

where ξ = X and K is constant, the continuity equation (6)
is automatically satisfied when a stream function Ψ is intro-
duced, i.e.

U =
∂Ψ

∂Y
and V = −∂Ψ

∂X
. (11)

And the governing equations and the boundary conditions re-
duce to

f ′′′ + 3 f f ′′ − 2( f ′)2 + θ = 4ξ
(
f ′ fξη − fξ f ′′

)
, (12)

1
Pr
θ′′ + 3 f θ′ = 4 ξ

(
f ′θξ − fξθ

′), (13)

subject to the boundary conditions

η = 0 : f ′ = 0, 3 f + 4ξ fξ = γξn+ 1
4 , θ = 1,

η→ ∞ : f ′ = θ = 0,
(14)

where γ =
−√2a

(Gr)
1
4 Pr

and the prime denotes the differentiation

with respect to η.

2 HAM deformation equations

2.1 Zeroth-order deformation equation

According to the boundary condition (14), f (ξ, η) and θ(ξ, η)
can be expressed by the set of base function

{ξnηke−mλη| n � 0, k � 0, m � 0, λ > 0 }
in the forms

f (ξ, η) =
∞∑

m=0

∞∑
n=0

∞∑
k=0

ak
m,nξ

nηke−mλη, (15a)

θ(ξ, η) =
∞∑

m=0

∞∑
n=0

∞∑
k=0

bk
m,nξ

nηke−mλη, (15b)

where ak
m,n, bk

m,n are the coefficients and λ > 0 is a scale pa-
rameter. These provide us the so-called solution expressions
for f (ξ, η) and θ(ξ, η). According to the solution expressions
(15a) and (15b) and from the boundary conditions (14), it is
convenient to choose

f0(ξ, η) =
2e−λη − e−2λη − 1

λ
+

γξn+ 1
4

(4 + 4n)
, (16a)

θ0(ξ, η) = e−λη, (16b)

as the initial approximations of f (ξ, η) and θ(ξ, η), respec-
tively. The original equations for f (ξ, η) and θ(ξ, η) are third
and second-order, respectively. So, we can choose the auxil-
iary linear operators

L f =
∂3

∂η3
+ a2(ξ)

∂2

∂η2
+ a1(ξ)

∂

∂η
+ a0(ξ), (17a)

Lθ =
∂2

∂η2
+ b1(ξ)

∂

∂η
+ b0(ξ), (17b)

where a0(ξ), a1(ξ), a2(ξ), b0(ξ) and b1(ξ) are real functions to
be determined later. Let w1(ξ, η), w2(ξ, η) and w3(ξ, η) denote
the three solutions of L f w = 0, i.e.

L f [w1(ξ, η)] = 0, L f [w2(ξ, η)] = 0,

and L f [w3(ξ, η)] = 0,
(18)

according to the solution expression (15a) and the boundary
condition (16b), we can choose

w1 = 1, w2 = exp(−λη), and w3 = exp(λη). (19)

Substituting (19) into (18) with the definition (17a), we have
the auxiliary linear operator

L f =
∂3f
∂η3
− λ2 ∂ f

∂η
. (20a)

In the similar way, we have

Lθ =
∂2θ

∂η2
− λ2θ. (20b)

Note that
L f [C1 +C2e−λη +C3eλη] = 0, (21a)



KOUSAR Nabeela, et al. Sci China Phys Mech Astron February (2010) Vol. 53 No. 2 363

Lθ[C4e−λη +C5eλη] = 0, (21b)

where C1, C2, C3, C4 and C5 are constants. Based on eqs.
(12) and (13), we define the nonlinear operators

Nf [Φ(ξ, η; q)]

= 4ξ
[
∂Φ(ξ, η; q)

∂ξ

∂2Φ(ξ, η; q)
∂η2

− ∂Φ(ξ, η; q)
∂η

∂2φ(ξ, η; q)
∂ξ ∂η

]

+
∂3Φ(ξ, η; q)

∂η3
+ 3Φ

∂2Φ(ξ, η; q)
∂η2

− 2
(
∂Φ(ξ, η; q)

∂η

)2
,

(22)

Nθ[Θ(ξ, η; q)]

= 4ξ
[
∂Φ(ξ, η; q)

∂ξ

∂Θ(ξ, η; q)
∂η

− ∂Φ(ξ, η; q)
∂η

∂Θ(ξ, η; q)
∂ξ

]

+
1

Pr
∂2Θ(ξ, η; q)

∂η2
+ 3Φ

∂Θ(ξ, η; q)
∂η

. (23)

Let � f and �g denote the convergence-control parameters
mentioned by Liao [34]. We construct the zeroth-order de-
formation equations

(1 − q)L f [Φ(ξ, η; q) − f0(ξ, η)] = q� f N f [Φ(ξ, η; q)], (24a)

(1 − q)Lθ[Θ(ξ, η; q) − θ0(ξ, η)] = q�gNθ[Θ(ξ, η; q)], (24b)

subject to the boundary conditions

Φη(ξ, 0; q) = 0, Θ(ξ, 0; q) = 1, (25a)

(1 − q)
[
Φ(ξ, 0; q) − f0(ξ, 0)

]

= q�b

[
3Φ(ξ, 0; q) + 4ξΦξ − γξn+ 1

4

]
, (25b)

Φη(ξ,∞; q) = 0, Θ(ξ,∞; q) = 0, (25c)

where q ∈ [0, 1] is a homotopy-parameter. Obviously, when
q = 0 and q = 1, the above zeroth-order deformation equa-
tions (24a) and (24b) have the solutions

Φ(ξ, η; 0) = f0(ξ, η), Θ(ξ, η; 0) = θ0(ξ, η), (26a)

and

Φ(ξ, η; 1) = f (ξ, η), Θ(ξ, η; 1) = θ(ξ, η), (26b)

respectively. Thus, as the homotopy-parameter q increases
from 0 to 1, Φ(ξ, η) and Θ(ξ, η) vary from the initial guesses
f0(ξ, η) and θ0(ξ, η) to the solutions f (ξ, η) and θ(ξ, η) of the
considered problem, respectively. So, expanding f (ξ, η) and
θ(ξ, η) in Taylor’s series with respect to q, we have

Φ(ξ, η; q) = Φ(ξ, η; 0) +
+∞∑
m=1

fm(ξ, η)qm, (27a)

Θ(ξ, η; q) = Θ(ξ, η; 0) +
+∞∑
m=1

θm(ξ, η)qm, (27b)

where

fm(ξ, η) =
1

m!
∂mΦ(ξ, η; q)

∂qm

∣∣∣∣∣
q=0

,

θm(ξ, η) =
1

m!
∂mΘ(ξ, η; q)

∂qm

∣∣∣∣∣
q=0

.

Note that eqs. (24a) and (24b) contain the convergence-
control parameters � f and �g. Assuming that � f and �g are
properly chosen so that the homotopy-series (27a) and (27b)
are convergent at q = 1, we have, using eqs. (26a) and (26b),
the homotopy-series solution

f (ξ, η) = f0(ξ, η) +
+∞∑
m=1

fm(ξ, η), (28a)

θ(ξ, η) = θ0(ξ, η) +
+∞∑
m=1

θm(ξ, η). (28b)

2.2 High-order deformation equation

For brevity, we define the vectors

f m = { f0(ξ, η), f1(ξ, η), f2(ξ, η), · · · , fm(ξ, η)}, (29a)

θm = {θ0(ξ, η), θ1(ξ, η), θ2(ξ, η), · · · , θm(ξ, η)}. (29b)

Differentiating the zeroth-order deformation equations (24a)
and (24b) m-times with respect to the homotopy-parameter q
and dividing the resulting expression by m! and then setting
q = 0, we have the mth-order deformation equations

L f [ fm(ξ, η) − χm fm−1(ξ, η)] = � f Rm( f m−1), (30a)

Lθ[θm(ξ, η) − χmθm−1(ξ, η)] = �gSm(θm−1), (30b)

subject to the boundary conditions

θm(0, ξ) =
∂ fm
∂η

∣∣∣∣∣
η=0
= 0, (31a)

fm − χm fm−1 =�b

[
3 fm−1 + 4ξ

∂ fm−1

∂ξ

− γξn+ 1
4 (1 − χm)

]
, (31b)

θm(∞, ξ) = ∂ fm
∂η

∣∣∣∣∣
η→+∞

= 0, (31c)

where

Rm( f m−1) =
1

(m − 1)!

∂m−1Nf [Φ(ξ, η; q)]

∂qm−1

∣∣∣∣∣∣
q=0

, (32a)

Sm(θm−1) =
1

(m − 1)!
∂m−1Nθ[Θ(ξ, η; q)]

∂qm−1

∣∣∣∣∣∣
q=0

, (32b)

and

χm =

{
0, m � 1,

1, m > 1.
(33)

Let f ∗(ξ, η) and θ∗(ξ, η) denote the particular solutions of
(30a) and (30b). Using eqs. (21a) and (21b), we have the
general solutions

fm(ξ, η) = f ∗m(ξ, η) +C1 + C2e−λη, (34a)
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θm(ξ, η) = θ∗m(ξ, η) +C4e−λη, (34b)

where

f ∗m(ξ, η) = χm fm−1(ξ, η) + � f L−1
f [Rm( f m−1)],

θ∗m(ξ, η) = χm θm−1(ξ, η) + �g L−1
θ [Sm(θm−1)],

and

C1 = −C2 − f ∗m(ξ, 0) + χm fm−1(ξ, 0)

+ �b

[
3 fm−1(ξ, 0) + 4ξ

∂ fm−1(ξ, 0)
∂ξ

− γξn+ 1
4 (1 − χm)

]
,

C2 =
1
λ

∂ f ∗m
∂η

∣∣∣∣∣
η=0

, C4 = −θ∗m(ξ, 0),

where L−1
f and L−1

θ are inverse operators of L f and Lθ, respec-
tively. In this way, it is easy to solve the systems of linear
PDEs (30a) and (30b) by means of the symbolic computation
software such as Mathematica, Matlab and Maple.

The quantities of physical interest are the skin friction co-
efficient Cf and the local Nusselt number Nux, defined re-
spectively by

Cf =
2τw

ρu2
c
, Nux =

Lq̇w

k(Tw − T∞)
, (35)

where ρ is the fluid density. The wall shear stress τw and the
surface heat flux q̇w are given by

τw = μ
∂u
∂y

∣∣∣∣∣
y=0

, q̇w = −k
∂T
∂y

∣∣∣∣∣
y=0

, (36)

where μ and k are the dynamic viscosity and thermal conduc-
tivity, respectively. Using the dimensionless quantities (10),
we obtain

Cf =
2 Gr

3
4 (4ξ)

1
4√

Rex

∂2 f
∂ η2

∣∣∣∣∣∣
η=0

, Nux =
−Gr

1
4

(4ξ)
1
4

∂ θ

∂ η

∣∣∣∣∣
η=0

.

(37)

3 Results and analysis

The nonlinear coupled PDEs (12) and (13) with the boundary
condition (14) have been solved analytically by using the ho-
motopy analysis method. Note that the homotopy-series so-
lution (28a) and (28b) contain three convergence-control pa-
rameters � f , �g and �b. For simplicity, we take here �b = � f .
Note that n is the injection index and γ is related to the injec-
tion velocity Vw(x) through the constant a. Note that γ > 0
when a is negative (suction), and γ < 0 when a is positive
(injection).

Without loss of generality, let us consider the case of
γ > 0, and check the influence of λ, �g and � f on the
homotopy-series solution of f ′′(ξ, 0) and θ′(ξ, 0). First, we
set � f = �g = −1 so that the homotopy-series solution only
depends on λ, and then we investigate the influence of λ on

f ′′(ξ, 0) by plotting the curves of f ′′(ξ, 0) ∼ λ. It is found
that, when λ � 5, the series f ′′(ξ, 0) converges to the same
value as shown in Figure 1. Secondly, we set λ = 5 and regard
� f = �g = � as a unknown variable. As Liao [23,35] proved
in general that, as long as a homotopy-series solution given
by the homotopy analysis method is not divergent, it must
converge to the exact solution of original nonlinear problems
under investigation. Note that now the homotopy-series solu-
tions (28a) and (28b) contain the convergence-control param-
eters �, which influences the convergence of the homotopy-
series (28a) and (28b). Thus, mathematically, the series so-
lutions are dependent upon �. But, physically, the solution
is independent of the convergence-control parameters �. As
a result, the homotopy-series must converge to the same re-
sult for all corresponding values of � which ensures the con-
vergence. As mentioned by Liao [23], the admissible val-
ues of � for which the homotopy-series converges can be
determined by plotting the so-called �-curves or by plotting
the residual error verses �. Let δm(ξ, η) denotes the residual
error of the mth-order homotopy-series approximation, and
Δ =

∫ ∫
δ2

m(ξ, η)dξdη denote the integral of the residual er-
ror. Plotting the curves of Δ ∼ �, it is straight forward to
find a region of � in which Δ decreases to zero as the order
of approximation increases. In this way, we can get the best
value of � corresponding to the minimum of the residual error
of the original governing equation. For example, when given
λ, n, and Pr, the approximate region for the convergence of
the homotopy-series is about −8/5 � � � −1/2 as shown in
Figure 2. In a similar way, we can investigate the so-called
�-curves for θ′(ξ, 0) which has important physical meanings.

In general, we can substitute the series solutions for the
governing equations and evaluate the square residual error so
as to check the convergence of the solutions. Table 1 shows
the square residual error of eqs. (12) and (13). It is seen that

Figure 1 The 15th-order approximation of f ′′(ξ, 0) when n = 0, Pr = 7,

γ = 1/4 by means of � f = −1 and �g = −1.
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Figure 2 Square residual error of f (ξ, η) verses convergence-control pa-

rameter � when n = 0, Pr = 7, and γ = 1/4 by means of λ = 5.

Table 1 Square residual error of f (ξ, η) eq. (12) and θ(ξ, η) eq. (13) when

Pr = 7, n = 0, and γ = 1/4 by means of � f = −1, �g = −4/5, and λ = 5

Order of approximation Residual error of f (ξ, η) Residual error of θ(ξ, η)

1st 3.89014 0.26386

5th 0.27906 0.17008

10th 0.08693 0.11951

15th 0.04585 0.08624

by increasing the order of approximation the square resid-
ual error decreases. This indicates that our HAM series so-
lution is convergent. Besides, the so-called homotopy-Padé
technique [23] is used to accelerate the convergence of the
homotopy-series solution. In the current study, we com-
pared [14,14] homotopy-Padé approximations with [18,18]
homotopy-Padé approximations and found very good agree-
ment.

In many practical applications, the heat transfer rate at the
surface, are vital since they influence the quality of the final
products. Figure 3 shows the heat transfer parameter for var-
ious values of Prandtl number (Pr) when the other physical
parameters are fixed. It is evident from Figure 3 that the heat
transfer parameter at the surface increases as Pr increases.
This is because the fluid with higher Prandtl number has a
relatively low thermal conductivity, which reduces conduc-
tion, and thereby reduces the thermal boundary-layer thick-
ness, and as a consequence, increases the heat transfer rate at
the surface. On the other hand as shown in Figure 3 the lo-
cal skin friction coefficient decreases with the increase of Pr.
The reason is that fluid of the higher Prandtl number means
more viscous fluid, which increases the boundary-layer thick-
ness and thus, reduces the shear stress. As a whole, it may be
pointed out that the effect of Pr is more pronounced on the

Nusselt number (Nux/(Gr)1/4) as compared to the skin fric-
tion coefficient (Cf

√
Rex/(Gr)3/4). It is also observed from

Figures 3 and 4 that the similarity solution exists as ξ → 0
and ξ → ∞. However, the flows in the region 0.5 � ξ � 10
are non-similar. Thus, the non-similarity flows in the region
ξ → 0 and ξ → ∞ are very close to the similarity ones for all
Prandtl numbers Pr.

Figures 5 and 6 represent the effect of the parameter γ on
the local Nusselt number for n = 0, and λ = 5 for Pr = 0.72

Figure 3 The 9th-order homotopy-Padé approximation of Local Nusselt

number Nux/(Gr)1/4 for different Prandtl numbers when n = 0, γ = 1/4 by

means of � f = −1, �g = −4/5 and λ = 5. Squares: Pr = 0.72; filled squares:

Pr = 3; circles: Pr = 7; filled circles: Pr = 10.

Figure 4 The 9th-order homotopy-Padé approximation of skin friction co-

efficient Cf
√

Rex/(Gr)3/4 for different Prandtl numbers when n = 0, γ = 1/4

by means of � f = −1, �g = −4/5 and λ = 5. Squares: Pr = 0.72; filled

squares: Pr = 3; circles: Pr = 7; filled circles: Pr = 10.
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Figure 5 The influence of γ on the Local Nusselt number Nux/(Gr)1/4

when n = 0, Pr = 0.72 by means of λ = 5. Squares: [22,22] homotopy-Padé

approximation for γ = 0 by means of � f = �g = −1; circles: [9,9] homotopy-

Padé approximation for γ = 1/4 by means of � f = −1 and �g = −4/5;

filled circles: [9,9] homotopy-Padé approximation for γ = −1/2 by means

of � f = −1 and �g = −4/5.

Figure 6 The influence of γ on the Local Nusselt number Nux/(Gr)1/4

when n = 0, Pr = 7 by means of λ = 5. Solid line: [22,22] homotopy-

Padé approximation for γ = 0 by means of � f = �g = −1; dashed line:

[10,10] homotopy-Padé approximation for γ = 1/4 by means of � f = −1

and �g = −4/5; dash-dotted line: [8,8] homotopy-Padé approximation for

γ = −1/4 by means of � f = −1 and �g = −4/5; squares: [20,20] homotopy-

Padé approximation for γ = 0; open circles: [8,8] homotopy-Padé approxi-

mation for γ = 1/4; filled circles: [6,6] homotopy-Padé approximation for

γ = −1/4.

and Pr = 7 for air and water, respectively. It is clear from
the figures that the heat transfer rate at the surface is higher
for suction (γ > 0), as compared to the injection (γ < 0).

This is due to the fact that the surface shear stress increases
when introducing suction, which in turn increases the local
Nusselt number. The heat transfer parameter increase signifi-
cantly with the Prandtl number, as higher Prandtl number has
lower thermal conductivity, which results in thinner thermal
boundary-layer and, hence, a higher heat transfer rate at the
wall.

The influence of the suction/injection parameter on the
skin friction coefficient can be seen from Figures 7 and 8
for water and air, respectively. It is observed that at the low
Prandtl number the suction increases the skin friction while
at the high Prandtl number it decreases. On the other hand,
the effect of injection is just the opposite. This is due to
the fact that the higher Prandtl number implies more viscous
fluid which increases the boundary-layer thickness and con-
sequently, reduces the skin friction coefficient. It is also clear
from Figures 6 and 7, that the non-similarity flows in the re-
gion ξ → 0 and ξ → ∞ are very close to the similarity ones
for the suction/injection parameter γ. However, the flows in
the region 0.5 � ξ � 10 are non-similar. The same phe-
nomenon is observed for negative values of the n.

4 Conclusion

The present paper deals with the effect of the suction/injec-
tion parameter γ, and the Prandtl number Pr, on the laminar
free convection boundary-layer flow from a permeable verti-

Figure 7 The influence of γ on the skin friction coefficient

Cf
√

Rex/(Gr)3/4 when n = 0, Pr = 7 by means of λ = 5. Solid line:

[22,22] homotopy-Padé approximation for γ = 0 by means of � f = �g = −1;

dashed line: [10,10] homotopy-Padé approximation for γ = 1/4 by means

of � f = −1 and �g = −4/5; dash-dotted line: [8,8] homotopy-Padé approxi-

mation for γ = −1/4 by means of � f = −1 and �g = −4/5; squares: [20,20]

homotopy-Padé approximation for γ = 0; open circles: [8,8] homotopy-Padé

approximation for γ = 1/4; filled circles: [6,6] homotopy-Padé approxima-

tion for γ = −1/4.
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Figure 8 The influence of γ on the skin friction coefficient

Cf
√

Rex/(Gr)3/4 when n = 0, Pr = 0.72 by means of λ = 5. Squares:

[22,22] homotopy-Padé approximation for γ = 0 by means of � f = �g = −1;

filled circles: [9,9] homotopy-Padé approximation for γ = 1/4 by means of

� f = −1 and �g = −4/5; circles: [9,9] homotopy-Padé approximation for

γ = −1/2 by means of � f = −1 and �g = −4/5.

cal surface in isothermal surroundings. The governing non-
similarity boundary-layer equations for flow and temperature
fields are solved using the homotopy analysis method. And
the so-called homotopy-Padé technique is applied to accel-
erate the convergence. The results are expressed in terms of
the local skin friction and the local Nusselt number. Different
from the previous analytic results, our homotopy-series solu-
tions are convergent and valid for all physical parameters in
the whole domain 0 � x < ∞ and 0 � y < ∞. To the best of
our knowledge, such kind of convergent series solution has
never been reported. Mathematically, this analytic approach
has general meanings and can be applied to solve many other
non-similarity boundary-layer flows in fluid mechanics.

Physically, from the present investigations, it may be con-
cluded:

(1) An increase in the value of Prandtl number Pr, leads to
the decrease in the value of the skin friction coefficient. How-
ever, the local Nusselt number increases with the increasing
of Prandtl number Pr.

(2) Suction parameter increases the local Nusselt number
for both Pr = 0.72 and Pr = 7, corresponding to air and wa-
ter, respectively. On the other hand, the injection has just the
opposite effect.

(3) Suction increases the local skin friction for lower
Prandtl number 0.72 while decreases the value of local skin
friction for higher Prandtl number 7. But in the case of injec-
tion, the effect of Prandtl number is opposite on the value of
the local skin friction.

(4) The similarity solution exist for ξ � 0.5 and ξ � 10.
On the other hand, the solution is non-similar in the region
0.5 � ξ � 10 for all the values of Prandtl numbers Pr and the

suction/injection parameter γ.

This work is partly supported by National Natural Science Foundation of
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